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Study guide 


‘There are five sections to this chapter. They are 
intended to be studied consecutively in five study 
sessions. Section 5 requires the use of the 
computer and Computer Book B. 


The pattern of study for each session might be as 
follows. 

Study session 1: Section 1. 

Study session 2: Section 2. 

Study session 3: Section 3. 

Study session 4: Section 4. 

Study session 5: Section 5. 

Hach session requires two to three hours, the 


longest being the second and the shortest being the 
fourth, 


Before studying this chapter, you should be 
familiar with the following topics: 
© addition and scalar multiplication of vectors, 
including the geometric representation of these 
operations; 
© addition and multiplication of 2 x 2 matrices; 
© the properties 
A(u+v)=Au+ Av, 
(AB)u = A(Bu), 
A(ku) = k(Au), 
where A and B are 2 x 2 matrices, u and v are 
vectors with two components, and k is a scalar: 


© the inverse of a 2 x 2 matrix that has non-zero 
determinant. 


The optional Video Band B(ii) Algebra 
workout - Finding matria transformations 
could be viewed at any stage during your 
study of this chapter, 
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Introduction 


In Chapter A3 you saw how functions, known as isometries, can be used to 
move figures around the plane without altering their size or shape. In this 
chapter we explore a more general class of functions, known as affine 
transformations, which need not preserve size and shape but which do 
preserve “parallelism’; that is, they map parallel lines to parallel lines. 
These are the kinds of transformation found in many computer graphics 
packages for manipulating selected polygonal figures on the screen. They 
inelude translations. rotations, reflections, scalings and shears, such as 
those illustrated in Figure 0.1. 


o 7 | —__———- 
Bb) No } | |p-6 
translation rotation reflection sealing shear 


Figure 0.1 Some affine transformations 


In Chapter A3, the rules for isometries were expressed in terms of the 
Cartesian coordinates of points in the plane. This chapter adopts a slightly 
different description of points, in terms of vectors, and this enables us to 
express the rules for certain isometries in a convenient matrix form, 
namely: f(x) = Ax, where A is a matrix and x is a vector. By considering 
other functions that have the same matrix form, we are led to define linear 
transformations of the plane. If a linear transformation f has a rule of the 
form f(x) = Ax, then the matrix A is said to represent f. Linear 
transformations have the property that they can be composed or inverted 
simply by multiplying or inverting the matrices that represent them. 


The linear transformations include all those transformations that fix the 
origin and preserve parallelism. Unfortunately, they exclude many other 
transformations, like translations, that also preserve parallelism, By 
combining linear transformations with translations, we arrive at affine 
transformations, which have rules of the form f(x) = Ax +a, where a is a 
vector. 


Section 1 introduces a representation of points in the plane in terms of 
vectors and uses them to express isometries in terms of matrices. 


Section 2 generalises the matrix representations of isometries by 
introducing linear transformations. The geometric behaviour of some 
linear transformations is described, including scalings and shears. 
Determinants are then used as a way of calculating the effect that linear 
transformations have on areas. Section 3 shows how composite linear 
transformations (the result of following one linear transformation by 
another) and inverse linear transformations (the result of undoing a linear 
transformation) can be expressed in terms of matrices. 


Section 4 defines affine transformations, and shows how they can be used 
to describe arbitrary rotations and reflections of the plane. 


In Section 5, the computer is used to explore the various types of linear 
and affine transformations. 


Since the functions we deal 
with in this chapter are 
geometric in nature, they will 
usually be referred to as 
‘transformations’ (see 
Chapter A3, page 6). 


In all these examples, apart 
from the reflection, the 
orientation of the image is the 
same as that of the original. 
Orientation is indicated by 
the directed ‘circles’ on the 
rectangles and their images. 


1 Vectors and matrices 


Vectors were discussed in 
MST121 Chapters B2 and B3. 


Here horizontal means 
parallel to the w-axis and 
vertical means parallel to the 
y-axis, 


Do remember to underline 
vectors in your written work. 


In Chapter A3, you saw how to represent isometries by functions that map 
the set R° to itself, This section describes how to express the rule for such 
functions in terms of matri Later you will see that this makes it easier 
to compose and invert isometries. First, you will see how vectors can be 
used to describe the position of points in the plane. 


1.1 Vectors 


You may recall that a vector is a quantity, like velocity, acceleration or 
translation, which has both a magnitude and a direction. A vector can be 
represented geometrically by an arrow (see Figure 1.1). The arrow points 
in the direction of the vector and has a length equal to the magnitude of 
the vector. The actual location of the arrow does not matter. 


ve 


| 
1 


(2) 
Figure 1.1 Geometrical representation of a vector and its components 


For calculations it is often more useful to represent the vector by a column 
matrix that lists the a- and y-components of the vector. The «-component 
is the horizontal displacement from the tail of the arrow to the tip, and the 
y-component is the vertical displacement from the tail to the tip. For 


example, the vector in Figure 1.1 can be written as cat where 2 is the 
a-component and 1 is the y-component. 


Often a vector is denoted by a single letter such as a, b or u. In print, it is 
conventional to typeset the letter in bold to distinguish it from other 
quantities. In handwriting, the symbol for a vector is usually underlined 
with a straight (or wavy) line. 


Activity 1.1 Sketching vectors with given components 


Draw an arrow on the (a, y)-plane that represents each of the following 
vectors. In each case, mark the components on your diagram. 


(a) ae) (b) b={.3) (c) e=(4) (a) a=(=3) 


Solutions are given on page 55. 
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SECTION 1 VECTORS AND MATRICES 


We perform the operations of addition, subtraction, taking the negative, 
and sealar multiplication on vectors by performing the corresponding 
operations on the components of the vectors. For example, if, as in 


Activity 1.1, a= (;) and b= ( a then 
1 2 
Bays iN (6 1\_ (5 
Be A)-(-2)-(2)-(4)-()- 


Activity 1.2 Combining vectors algebraically 


Leta= ) and b= ( e ): Calculate each of the following vectors c. 


(a) c=da (b) c=—2b (c) c=4a—2b (d) c=2a+ $b 
Solutions are given on page 55. 


The vector operations of addition, subtraction, taking the negative and 
scalar multiplication all have convenient geometric interpretations. The 
following examples are shown in Figure 1.2. 


© 2a is the vector in the same direction as a, but with twice the 


magnitude. 

© —bis the vector with the same magnitude as b, but the opposite 
direction. 

© 2a—b=2a+(—b) is the vector obtained by adding 2a to —b, which 


is achieved as follows. If the tail of the arrow for —b is placed at the 
tip of the arrow for 2a, then the arrow from the tail of the arrow 
for 2a to the tip of the arrow for —b is the arrow for 2a + (—b). 


mo ' 2a—b 


=i 
b : 2a 
<hy NY 
1 


Figure 1.2 Combining vectors geometrically 


Activity 1.3 Combining vectors geometrically 


For each vector ¢ calculated in Activity 1.2, draw a sketch that indicates 
its relationship to a and b. 


Solutions are given on page 55. 


These operations were 
discussed in MST121 
Chapters B2 and B3. 


This process, known as the 
triangle rule for addition of 
vectors, was discussed in 
MST121 Chapter B3, 
Section 1. 


Such manipulations are valid 
because vector operations are 
defined by the effect that the 
corresponding real operations 
have on the components of 
the vectors, so the rules of 
algebra ‘carry over’ from the 
components to the vectors. 


CHAPTER B2 MATRIX TRANSFORMATIONS 


Vectors are often used when working with geometric figures in which 
points are denoted by letters. In this situation, it is convenient to use an 


alternative ‘arrow’ notation. We write PQ to denote the (displacement) 
vector from P to Q. which is represented by the arrow that connects P 
to Q. Figure 1.3 shows a parallelogram PQRS in which several such 
vectors have been introduced. 


eg R 
SR " 
s 
= OR 
PS 
Q 
P ae 


Figure 1.3 Avrow notation for vectors 


Some arrows in the figure have the same length and direction, and 
therefore represent the same vector, For example, 


PQ =SR and PS= QR. 
To represent the negative of a vector we can change the order of the 
letters. For example, QP is the negative of the vector from P to Q; that is, 


P= @. 
Hence 
QP =-SR. 


Also, instead of using a single arrow to connect one point to another, we 
can make the connection via two or more arrows linked tip to tail. This 
enables us to express a vector in the form of a vector sum, as in the 
following vector equalities. 


° PR= PQ + QR (connect P to R via Q) 


© PR=PS+ SQ + QR (connect P to R via S and Q) 


Such equalities can be manipulated using the same kinds of rules as in 
ordinary algebra. For example, we can rewrite the first equality in the form 


PQ=PR-QR 


by subtracting QR from both sides. 


Activity 1.4 Manipulating vector equalities 
This activity relates to Figure 1.3, 
(a) Express QR in terms of PR and SR. 


(b) Express PS in terms of PR and PQ. 
Solutions are given on page 56. 


SECTION t VECTORS AND MATRICES 


1.2 Position vectors 


In geometry we often use vectors to identify the position of points relative 
to the origin O. When used in this way, vectors are called position vectors. 


Let P be any point in the plane. Then the vector OP is called the 
position vector of P (with respect to QO). It is usually denoted by 
the corresponding lower-case letter p (or by p when handwritten); see 
Figure 1.4. a 


P 
P 
oO 
Figure 1.4 Point P with position Figure 1.5 Coordinates and 
vector p components 


There is a close relationship between the coordinates of a point and the 
components of its position yector. For if P is a point with coordinates 
(a,b), then its position vector p = OP is ie 
words, the coordinates of the point P are equal to the components of its 
position vector p. For this reason, we often refer to ‘the point p’ when 
strictly speaking we should say ‘the point P’, or ‘the point with position 
vector p’. For the same reason, we denote the plane by R? irrespective of 
whether its points are represented by coordinates or by position vectors, 


) (see Figure 1.5). In other 


As an illustration of how position vectors are used, suppose that you are 
given two points P and Q, with position vectors p and q, respectively, and 
that you want to find the position vector r of the point R midway 
between P and Q, as shown in Figure 1.6. 


Figure 1.6 Locating R 


Since R is the midpoint of PQ, it follows that PR = 4PQ; so 
r=OR=OP + PR=OP +4PQ. 

But OP =pand PQ=PO+0Q=-p+a=a-p, 5) 
r=p+3(q—p)=3p+3@ 

For example, if P = (4,7) and Q = (2,—3), then R has position vector 


(7) +3(3)-(@)+(-4)-G)- 


Figure 1.7 Locating S and T 
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CHAPTER B2 MATRIX TRANSFORMATIONS 


Activity 1.5 Finding position vectors of points on a line 


(a) Find the position vectors (in terms of p and q) of the points S and T, 
where S$ lies a quarter of the way from P to Q, and T lies a third of 
the way from Q to P, as shown in Figure 1.7. 

(b) Determine S and T in the particular case where P = (2,5) and 
Q=(1,-3). 


Solutions are given on page 56, 


1.3 Transformations of the plane 


In Chapter A3, you saw how to represent transformations of the plane by 
functions that map the set R* to itself. For example, the translation that 
moves points 2 units to the right, and 3 units up, can be written as 
tog: R? — R? 
(x,y) — (a + 2.y + 3). 


In terms of position vectors, the rule for this function becomes 
A w+2 
—- . 
7] y+3 
9 , 
In effect, this rule adds the vector a = (3) tox= ie ). where x is the 


position vector of any point to which the transformation is applied. The 
effect of the translation is therefore to send x to x +a (see Figure 1.8). 


vs 
(e@+2y +3) 


ol aaa x 
Figure 1.8 Translation through the vector a 


It follows from the triangle law of vector addition that a is the vector 
represented by the arrow that joins the point (a,y) to (#+2,y +3). This 
in turn means that a has magnitude and direction equal to the distance 
and direction through which t2,3 moves points. We therefore say that to, 
translates points (or figures) ‘through’ the vector a. 


Vector description of translation 


A translation of the plane through the vector a = (4 ) has the form 


ty,qiR? — R? 


Dae 
xo x+a. 


SECTION 1 VECTORS AND MATRICES 


Rotations 


The main advantage of switching to vector notation emerges when we 
consider other transformations of the plane such as rotations and 
reflections. In Chapter A3, you saw that a rotation about the origin 
through # radians is represented by the function 


19: R? — R® 
(x.y) > (xcos6 — ysin 0, xsin@ + ycos#). 


If @ is positive, then this function represents an anticlockwise rotation; if @ 
is negative, then the rotation is clockwise, as shown in Figure 1.9. 


(a,u) 


RY 


ro(x,y) 
{a)@>0 (b)a<0 


Figure 1.9 Rotation through 0 


Tn vector form, the image of (5) under the rotation rg is 


eee. —ysind 
xsin@ + ycosé)* 
which can be written as the matrix product. 
ee _ (cos? —sind) (x 
xsind+ycos0) ~~ \sin@d  cos@) \y)* 


In this sense, the rotation through @ about the origin is represented by the 


matrix 
cos@ —sin@ 
Re (a ye cet) 
for ifx = (Ch then the image of x under the rotation is Ryx. 
Matrix description of rotation 
A rotation of the plane about the origin, through an angle @, has the From here on, since all angles 
form are measured in radians, the 
hee P unit will not usually be 
ro —R mentioned explicitly. 
xr > Rox, 


where Ry is the matrix end - et 


sin? cos@ 


For example, the matrix Ry for an anticlockwise rotation through one 
quarter of a turn is obtained by setting @ = 7/2. Since cos(7/2) = 0 and 


sin(7/2) = 1, we obtain Ry/2 = C =a)! 
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‘The identity matrix was 
introduced in MST121 
Chapter B2, Section 5. 


Every isometry preserves the 
shape and size of a figure; 
that is, a figure and its image 
are congruent. In particular, 
the image of a polygon is 
specified by the images of the 
vertices of the polygon. 
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CHAPTER B2 MATRIX TRANSFORMATIONS 


Activity 1.6 Rotations in matrix form 


Find the matrices which represent the rotations 7, x, Tax/2) Tax 


Solutions are given on page 56. 


In Activity 1.6 you saw that a rotation through 0 radians (or through 27 
radians) is represented by the identity matrix I, where 


t=(9 4): 


The function with rule x —+ Ix is called the identity transformation; it 
leaves every point of IR” fixed. 


Once the matrix of a rotation is known, it is a straightforward matter to 
calculate the effect that the rotation has on points and, more generally, on 
polygons, For example, we can determine the effect that the rotation r3,/2 
has on the triangle with vertices at (2,1), (3,0) and (—1,1) by multiplying 
the position vector of each vertex by the matrix Ry,/2 (obtained in 
Activity 1.6), Indeed: 


Oo mya /f a ) d 
-1 0 Ly \-2y? 
ewyaey 7? (ODN 
-1 0 0/ \-3/' 
0 w\/—1\_/fa 
-1 0 a Oe 
So the image is the congruent triangle with vertices at (1,—2), (0,—3) and 
(1,1), as shown in Figure 1.10. 


(2,1) Tan /2 (1,1) 


(3,0) # 


Figure 1.10 An anticlockwise rotation 


One polygon that has a particularly important role to play in this chapter 
is the unit square (see Figure 1.11). This is the square with vertices at 
(0,0), (1.0), (1,1), (0, 1); we shall usually denote it by the symbol 5. 


SECTION 1 VECTORS AND MATRICES 


Activity 1.7 Rotating the unit square y 
Determine the matrix that represents the rotation r, ja Use it to find the 
image of the unit square S under r,/;. Sketch the image. (0,1) (1,1) 
A solution is given on page 56. (0.0) (0) oi 


f Figure 1.11 The unit square 
Reflections 


Reflections can be represented by matrices in much the same way as 
rotations. In Chapter A3, we discussed the reflection in the line through 
the origin that makes an angle @ with the positive z-axis (see Figure 1.12). y 
The function that represents this reflection is 
qe: R? — R? 
(x,y) —> (# cos(20) + ysin(26), « sin(20) — y cos(20)). 


In vector form, the image of x = a under the reflection gg is 


wcos(20) + ysin(20) ) 
Ceo — ycos(20) } * 


which can be written as Figure 1.12 The reflection qo 


wcos(20) + ysin(20)\ _ / cos(20) sin(20) Ne 
ener -y pac os Gee pen (5) = Qe, 
where 
_ { cos(20) sin(20) 
= besa mo) , 


Matrix description of reflection 
A reflection of the plane in a line through the origin that makes an 
angle @ with the positive x-axis has the form 
qo: R? — R? 
xH+ Qyx, 


where Qy is the matrix ( 


cos(20) sin(20) 
sin(20) —cos(20) ). 


Activity 1.8 Reflecting the unit square 


Determine the matrix that represents the reflection g,/4. Use it to find the 
image of the unit square S under q,/4- 


A solution is given on page 57. 
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CHAPTER B2 MATRIX TRANSFORMATIONS 


Although rotations and reflections are very different transformations of R, 
they have the same form when expressed in terms of matrices, namely 


fi: RR (1.2) 
xr Ax. 


In the case of a rotation, A = Ry for some @, and in the case of a 
reflection, A = Qy for some 0. 


In the next section, we explore some other functions that have the matrix 
form described in (1. 


Summary of Section 1 


This section has reviewed or introduced: 

© the concept of a vector, and the use of arrows and components to 
represent vectors; 

© the notation PQ: 

© the manipulation of vector equalities; 


© the operations of vector addition, subtraction, taking the negative, and 
scalar multiplication; 

© the use of vectors, in simple cases, to determine the position of a point 
on a figure; 


© the concept of a position vector and its use to find the position of a 
point some given fraction of the way along a line segment; 


© the vector description of translations, and the matrix descriptions of 
rotations and reflections, and their use to find images of points and 
polygons. 


Exercises for Section 1 


Exercise 1.1 


Figure 1.13 shows a triangle OPQ that has one vertex at the origin O. 
The point X lies half-way along side OP, and the point Y lies a third of 
the way from X to Q. Find an expression for the position vector y of Y in 
terms of the position vectors p and q of P and Q, 


Figure 1.13 Locating X and Y 


SECTION 1 VECTORS AND MATRICES 


Exercise 1.2 


Determine the matrix that represents q,/s, the reflection of the plane in a 
line that passes through the origin and makes an angle 7/6 measured 
anticlockwise from the positive x-axis, Use the matrix to find the image 
under this reflection of the triangle with vertices at (1, V3), (V3, -1), 


(—v3, 1). 


Exercise 1.3 


Identify each of the following matrices as a rotation matrix Rg or a 
reflection matrix Qy, and determine the angle @ in each case. 


ee 1 vs 

2 2 2 2 
(a) (2 1 ) (b) (4 3) 

2 2 2 2 
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2 Linear transformations 


Linear transformations from 
R” to R", for any positive 
integer n, may also be 
defined. In this course, we 
consider only the case n = 2. 


The linear transformation 
represented by the zero 

0 
0.0 
points to the origin. 


matrix yl maps all 


Here we are using properties 


of matrices given in the Study 


guide. 
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2.1 What is a linear transformation? 


In the previous section, you saw that all rotations about the origin and all 
reflections in lines through the origin can be expressed as functions with 
rules of the form x ++ Ax, where A is a 2 x 2 matrix. Any function with 
such a rule is called a linear transformation. 


A linear transformation of the plane is a function of the form 
f:R? — R 
xr Ax, 
where A is a 2 x 2 matrix. 


The transformation f is said to be represented by the matrix A. 


For example, the function 
fk 
(w,y) — (Ba — dy, 2a + Sy) 


(2.1) 


is a linear transformation represented by the matrix 


(2 3): 


because, in terms of vectors, the rule is 


e\ 3a—4y\ _ (3 —4 x 
y Qr+5y/° \2 5) \y/)° 
Since every linear transformation we deal with has domain and 


codomain R*, a linear transformation represented by a matrix A is often 
specified just by the phrase; the linear transformation f(x) = Ax. 


Linear transformations preserve ‘linearity’; that is, they map, or send, lines 
to lines. The following result, illustrated in Figure 2.1, makes this precise, 


Linear transformations preserve linearity 

Let f be a linear transformation represented by a 2 x 2 matrix A, 
other than the zero matrix. Let ¢ be a line through a point P in the 
direction of a vector u. Then the image f() is a line through the 
point f(P) in the direction of the vector Au. 


To see why this result holds, let Q be any point on ¢ (see Figure 2.1). 
Then the position vector of Q has the form 
q=p+tu, forsomet eR. 


Thus the point {(@Q) has position vector 


Aq=A(p+tu) = Ap+¢(Au). 


SECTION 2 LINEAR TRANSFORMATIONS 


Since Ap is the position vector of the point f(P), we deduce that f(Q) lies 
on a line f’ through f(P) in the direction of the vector Au. As Q moves 
along f, the image point f(Q) moves along the line ¢’, so (’ = f(¢). 


f= (0 


Aq= Ap+tAu 


Figure 2.1 ¢' is the image of ¢ 


The above result also shows that any line parallel to the vector u is 
mapped by f to a line parallel to Au; that is, linear transformations 
preserve ‘parallelism’. 


Linear transformations preserve parallelism 

Let f be a linear transformation represented by a 2 x 2 matrix A, 
other than the zero matrix. Let ¢, and (2 be two parallel lines. Then 
the image lines f(¢,) and f(é2) are also parallel. 


Another important property of linear transformations is that they leave 
the origin fixed; for if f(x) = Ax is any linear transformation, then 


{(0) = AO=0. Here 0 is the position vector 


Mi. ; ri 0 oe 
This observation can often be used to recognise when a transformation of o ) of the origin. 
the plane is not linear. For example, the translation ts is not linear 

because it sends the origin to the point (3,2). 


Activity 2.1 Checking for a linear transformation 


For each of the following functions f : R? — R®, either explain why f is 
not linear, or write down the matrix that represents /. 


(a) f(v,y) = (+ 2y,y-2). 

(b) f(v.y) =(@+y+2,y— 2c). 

(c) f(x,y) = (0,0). 

(a) f(x,y) = (2,-1). 

(e) f reflects the plane in the line # = 2. 

(f) f rotates the plane clockwise through 47 about the origin. 


Solutions are given on page 57. 


17 


18 


CHAPTER B2 MATRIX TRANSFORMATIONS 


Comment 


Notice that although isometries of the plane preserve linearity they cannot 
be linear transformations unless they fix the origin. In particular, a 
rotation cannot be a linear transformation unless it is a rotation about the 
origin, and a reflection cannot be a linear transformation unless it is a 
reflection in a line through the origin. Translations, through a non-zero 
vector a, can never be linear transformations because they always shift the 
origin. 


2.2 Behaviour of linear transformations 


Having seen that linear transformations fix the origin and preserve 
linearity, we are now in a position to investigate the behaviour of linear 
transformations in more detail, A useful starting point is to consider what 
happens to the unit square under a linear transformation. Since linear 
transformations preserve parallelism, the image should be « parallelogram. 


Activity 2.2 Image of the unit square 


r 5 ? rae | 
Let g be the linear transformation represented by the matrix A = a e 4 
and let S be the unit square, as shown on the left of Figure 2.2. 


(a) Find the images under g of the vertices of $. Hence sketch the image 
of S on the right-hand set of axes in Figure 2.2. Is the image a 
parallelogram? 

(b) Do you notice any relationships between the vertices of the image and 
the matrix A? 


(0,1) (1) 
gs 


BY 


‘— 
(0,0)| (1,0) rd z 
Figure 2.2 Finding the image of the square S 


Solutions are given on page 57. 
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Activity 2.2 illustrates that it is straightforward to find the images of the 
points (1,0) and (0,1) under a linear transformation. 


Images of (1,0) and (0,1) 
If f is the linear transformation represented by the matrix 


ab 
a=(2°), 
then 
@ b\/1\_ (fa 1 a b\(0\_(b 
BRNO Ne) Ody KI Nd)" 
Thus f maps (1,0) and (0,1) to points whose position vectors are the 
first and second columns of A, respectively. 


But what about the images of other points? In the case of the linear 
transformation g(x) = Ax in Activity 2.2, you saw that (1,1) maps to a 
point whose position vector is the sum of the columns of A. The following 
equations show how this idea generalises to give the image of any point 
(x,y) under a linear transformation f that is represented by a matrix 


ab 
A= (? ag 
We have 


(a) (5) = (St) -2(2)+#(2). (22) 


So the image of any point (x,y) under f has position vector that we can 
obtain by adding « times the first column of A to y times the second 
column of A, 


Figure 2.3, overleaf, illustrates how this result can help us to visualise the 
behaviour of a linear transformation by showing its effect on the set G of 

all points with integer coordinates. For ease of reference, we shall refer to 

the corresponding grid of all lines parallel to the axes which pass through 

the points of G as the unit grid. The unit grid divides R° into squares of 
sidelength 1 called grid squares. 


We already know that f maps (1,0) and (0,1) to the points with position 
vectors a = @) and b= (e), respectively. So, since f preserves 


parallelism, the unit square S maps to the parallelogram $', shown in the 
figure. 
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The coordinates (m,n) have 
been used for a grid point 
rather than (a, y) to 
emphasise that each such 
point has integer coordinates. 
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ya ye 


} t f +p(0?\ 


Figure 2.3 Image of S and G 


In order to see what happens to G under f. green guide lines in the 
codomain that partition R° into congruent parallelograms have been 
inserted. It turns out that the image of G is simply the set of points where 
these guide lines intersect. The reason for this is apparent from 

equation (2.2). For example, we know from equation (2.2) that (2,1) has 
image f (2.1) with position vector 2a + b, so we can plot its position in the 
codomain by starting at the origin and counting 2 parallelogram ‘lengths’ 
in the direction of a followed by 1 parallelogram ‘length’ in the direction of 
b. Similarly, we know that the image f(3,~1) has position vector 3a — b, 
so we can plot its position by starting at the origin and counting 3 
parallelogram ‘lengths’ in the direction of a followed by 1 parallelogram 
‘length’ in the direction opposite to b. 


Activity 2.3 Image of the unit grid 
For each of the following grid points (m,m), use the above reasoning to 
plot the position of f(m,n) on the codomain axes of Figure 2.3. 
(a) (1,2) (b) (2-1) (ec) (0,2) 
Solutions are given on page 58. 


The effect of f on G, the set of grid points, in Figure 2.3 should now be 
clear. Each point (m,n) of G maps to a point that we locate by counting m. 
parallelogram ‘lengths’ from the origin in the direction of a, followed by n 
parallelogram lengths in the direction of b. If m (or n) is negative, then 
the counting is performed in the direction opposite to a (or b). 


One of the most striking features illustrated by the image of the unit grid 

is the homogeneous nature of a linear transformation. By homogeneous we 
mean that the images of all the grid squares are congruent parallelograms 

that form a regular (though possibly skewed) image grid. 
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And there is no need to stop with the unit grid. For example, suppose that 
the unit grid is subdivided, like a sheet of graph paper, so that S and each 
of the other grid squares comprises 25 congruent, smaller squares. Then its 
image grid will be subdivided so that S' and each of the other grid 
parallelograms comprises 25 congruent, smaller parallelograms. Such a 
subdivision enables us to see what happens to points with non-integer 
coordinates (see Figure 2.4). Moreover, this process of subdivision can be 
repeated as often as necessary and the homogeneity property still holds. 


i 


Sonne Sines Steet ene neiie nero 


Figure 2.4 Refining the grid for points with non-integer coordinates 


An immediate consequence of this homogeneity property is that a linear 

transformation f scales the area of all figures by the same factor (see 

Figure 2.5). Por if F is a figure that surrounds N grid squares, then the 

image of F will be a figure that surrounds the N corresponding congruent —_ In Figure 2.5, 
parallelograms. The factor by which the area of F is scaled must therefore N=115. 
be equal to the area of S', for this is the image f(S) of the square § that 

has unit area. 


us ue 


11.5 squares FF) 
if =e 


Va 


\ 


11.5 parallelograms 


= 
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Figure 2.5 Scaling areas 


A square matrix is diagonal 
if all its non-zero elements lie 
on the leading, or main, 
diagonal (from top left to 
bottom right). 


The coloured arrows in 
Figure 2.6 indicate the scaling 
effects of f. 
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This discussion is summarised in the following result. 


Scaling areas of figures 
Under a linear transformation f, the areas of figures are scaled by a 
factor equal to the area of the image f(S) of the unit square S. 


Having seen how a typical linear transformation behaves, let us now 
concentrate on some special cases. 


Scalings 


As a first example, consider the linear transformation f represented by the 
diagonal matrix 


20 
Sci G S af 
Under f, the point (1,0) maps to the point with position vector ia (the 


first column of A) and the point (0,1) maps to the point with position 
vector G 
shown in Figure 2.6, 


) (the second column of A), so the unit grid is mapped as 


| k 


x3 


Figure 2.6 Effect of a sealing 


Here the image grid is not skewed, but distances parallel to the a-axis are 
scaled. by the factor 2, and distances parallel to the y-axis are scaled by the 
factor 3. In particular, the unit square S is mapped to the rectangle S’ 
with vertices at (0,0), (2,0), (2,3). (0,3). The transformation therefore 
increases areas by the factor 2 x 3 = 6, the product of the diagonal 
elements of A. 


The linear transformation f is called a scaling because of the effect it has 
on distances parallel to the a-axis and y-axis. 


What happens if the diagonal matrix representing a linear transformation 
has negative elements? You are asked to consider such cases in the next 
activity. 
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Activity 2.4 Some more diagonal matrices 


For each of the matrices A below, sketch the image of the unit grid (as in 

Figure 2.6) under the linear transformation f(x) = Ax. In each case, state 
whether the image grid is skewed and describe the effect of f on distances 
parallel to the x-axis and parallel to the y-axis. 


Also, in each case, calculate the factor by which areas are changed and 
compare your answer with the product of the diagonal elements of A. 


3: 0) —3 0 3 0 
@) A=(5 B) () a=( 0 ) () A=( 0 =) 
Solutions are given on page 58. 


Comment 


In the solution to part (b), the location of S’ in Figure $.14 indicates that 
part of the effect of f is to reflect in the y-axis. This effect is associated 
with the negative sign in the matrix. In Section 3, when an appropriate 
technique has been developed, this linear transformation, and that in 

part (c), will be revisited. 


The above discussion leads to the following definition. 


Matrix description of a scaling 
The linear transformation 
fe? — R? 
xr > Ax, 


a0 
where A = bs b 


factors a and b. 


) with a 40, b #0, is called a scaling with 


The following properties of scalings were illustrated in Activity 2.4. 


In general, if f is a scaling with factors a and b, then the image of the unit 
grid is not skewed. Distances parallel to the «axis are scaled by the 
factor |a|, and distances parallel to the y-axis are scaled by the factor |b]. 


The overall effect of a scaling with factors a and b is to cause areas to be 
scaled by the factor |ab|. If the product ab is negative, then the 
transformation involves a reflection (see the comment above). This 
changes the orientation of figures in the sense that any anticlockwise 
configuration of points maps to a clockwise configuration of points. For 
example, consider the scaling f in Activity 2.4(b). It follows from that 
activity that if the vertices of the unit square S are labelled anticlockwise 
as O, A, B, C, then their images under f are O, A’, B’, C’, which is a 
clockwise configuration. See Figure 2.7, overleaf. 


In general, any polygonal figure can be given an orientation — 
anticlockwise or clockwise — by specifying three or more points of the 
polygon in the appropriate order. Later in this section a criterion is given 
which distinguishes linear transformations that preserve orientation from 
those that reverse it. 
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aY 


Figure 2.7 A change of orientation 


Uniform scalings 


One case that deserves a special mention is where the diagonal elements of 
the matrix representing a scaling are equal. We then have 


a 0 10 
A= le a) =a(5 <i =al, 
where I is the identity matrix. In such a case, the linear transformation 
scales distances in both the w- and y-directions by the same factor, namely 
a. We say that the transformation is a uniform scaling with factor a. 


Figure 2.8 illustrates the uniform scaling with factor 2 given by the 
function 


fi? — R? 
xr 20x, 


Here, each point x moves outwards to the point 2x, thereby doubling 
distances, irrespective of their direction. Areas are scaled by the factor 
27 = 4, 


Yoxd ve 


x2 ome 


a 


\ 


x2 


Figure 2.8 Wflect of the uniform scaling with factor 2 


In general, the linear transformation represented by the matrix aI scales 
all distances by the factor |a| and scales areas by the factor a’. 
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Shears 

You have seen that scalings leave the unit grid unskewed. The next 
activity invites you to investigate a linear transformation, known as a 
shear, that does skew the grid. 


Activity 2.5 Interpreting a shear 


Let f be the linear transformation represented by the matrix 


a=(6 4): 


(a) Describe the geometric effect of f on the unit grid. 


(b) Calculate the factor by which f changes areas. What effect does f 
have on the orientation of figures? 


Solutions are given on page 59. 
Comment 


This activity illustrates an important property of shears, namely that they 
leave areas and orientation unchanged. 


You have seen that the transformation in Activity 2.5 shears the plane by 
moving each point parallel to the x-axis through a distance that is 
proportional to the point’s height above the axis. (Here height and 
distance are ‘signed’ so that points below the axis move in the opposite 
direction to those above it.) However this is not the only type of shear. 
Shears can be performed in any specified direction. Figure 2.10 illustrates 
the effect on some points of a shear parallel to a line ¢. 


A shear parallel to a line / is a linear transformation of the plane 
that shifts each point P parallel to ¢, through a distance that is 
proportional to the perpendicular distance of P from ¢, Points on 
opposite sides of ¢ shift in opposite directions, whereas points on the 
same side of f shift in the same direction. 


In particular, a shear parallel to the a-axis is represented by a matrix of 


F 5 , aR, and is called an w-shear with factor a. (In 
Activity 2.5, a = 2.) Similarly, a shear parallel to the y-axis has matrix of 


the form ( 


the form ke . a €R, and is called a y-shear with factor a. In both 


cases, points that lie at a distance d from the axis are shifted through a 
distance ad parallel to the axis. The a-shear and the y-shear are the only 
types of shear we shall consider, 


This activity uses the formula 
for the area of a 
parallelogram, namely 

area = ah, 


where a is the length of the 
base and / is the height. 


Figure 2.9 Area = ah 


This formula is obtained by 
cutting the parallelogram 
along a diagonal into two 
congruent triangles, each of 
area dah, 


Figure 2.10 A shear parallel 
tol 
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Since / is a distance, it is 
positive. 
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2.3 Determinants, areas and orientation 


What effect does a general linear transformation have on areas, and how 
does it affect orientation? Figure 2.11 illustrates the behaviour of a linear 
transformation f represented by a matrix 


ab 

Gk fe . \ 
To keep track of orientation, the vertices of the unit square S have been 
labelled with the letters O, P, Q, R in an anticlockwise direction, and 
their images have been labelled O, P’, Q', R', respectively. If, as shown in 
the figure, the order of these images is anticlockwise, then f preserves 
orientation; if, however, the order of the images turns out to be clockwise, 
then f reverses orientation. 


vs y 
ae, 
R|_ JQ 
o| IP 7 2 . 2 


Figure 2.11 Labelling vertices 


To calculate the factor by which a general linear transformation scales 
areas, we need to express the area of parallelogram OP'Q'R' in terms of 
the matrix elements a. b, c, d. One approach, illustrated in Figure 2.12, is 
to rotate OP’Q’R’ about the origin to give a congruent parallelogram 
OP"Q"R" that has P” on the positive x-axis. Then OP” = OP" = 1, say, 
and the area of OP’Q"R" (and hence of OP’Q'R’) is 


xh, 
where h is the modulus of the y-coordinate of R”. 


To complete the calculation we need to locate R”. Suppose that @ is the 
angle measured from the positive x-axis to OP’. Then the rotation that 
sends OP'Q'R' to OP"Q"R" is r_» (see Figure 2.12). 
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Figure 2.12 Rotating S! 


From Figure 2.12, we have 
cos(—0) = cos0=a/l and sin(—0) = —sin@ = —c/l, 
so r_g is represented by the matrix 


= (-0) —sin(-0)) _ ( afl c/t 
— a org) = ey ay : 


Since (4) is the position vector of R’, it follows that R” = r_9(R’) has 
position vector 
( a/l ah 6) ie ( (ab + ed)/I ) = (ari 
—e/l a/l}\d} ~~ \(—cb+da)/l) ~ \ (ad —be)/1)* 
So h = |ad — be|/l. The area of OP’Q’R’ is therefore 
ix h=1x jad —bel/t 
= |ad — be| = | det AJ. 


So, since S has area 1, areas are scaled under f by the modulus of the 
determinant of A, |det Al. The determinant of a 2 x 2 


; bri defined i 
But what about the sign of det A? Since / is positive, the determinant has Picea aay 


the same sign as the y-coordinate of R’, namely (ad — be)/l. Thus if det A Subsection 5.2 
is positive, then R” lies above the a-axis and OP’Q”R” has the same 

(anticlockwise) orientation as the unit square OPQR (see Figure 2.13(b)). 

On the other hand, if det A is negative, then R” lies below the -axis, and 

OP"Q"R" has opposite (clockwise) orientation to OPQR (see 

Figure 2.13(c)). “ 


(a) unit square (b) det A > 0: (c) det A <0: 
orientation preserved orientation reversed 


Figure 2.13 Interpreting the sign of det A 
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The case where det A = 0 is 
diseussed on page 31. 
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The above observations can be summarised as follows. 


Scaling of areas 
Let f be a linear transformation represented by the matrix 


ab 
BAS ( c a ‘ 
Then f scales areas by the factor 
|det A| = jad — bel. 


The orientation of figures is preserved if det A is positive, and 
reversed if det A is negative. 


rminants to calculate the 
n. You will see more 


The following activity illustrates the use of dete 
area of a triangle that has one vertex at the ori; 
general examples in Sections 3 and 4, 


Activity 2.6 Area of a triangle 


Let f be the linear transformation that sends (1,0) to (2,5) and (0,1) to 
(3,1). Write down the matrix that represents f and calculate its 
determinant. Hence calculate the area of the triangle T’ with vertices at 
(0,0), (2,5), (3,1). 


A solution is given on page 60. 


Since isometries that fix the origin are linear transformations that preserve 
both the size and shape of figures, they should certainly preserve the area 
of figures. The following activity asks you to verify this in two special 
cases. 


Activity 2.7 Determinants of rotation and reflection matrices 


(a) Write down the general form of the matrix that represents a rotation 
rp, and calculate its determinant. Is the value of the determinant 
consistent with how you expect the rotation to behave? 

(b) Write down the general form of the matrix that represents a reflection 
qo, and calculate its determinant. Is the value of the determinant 
consistent with how you would expect the reflection to behave? 


Solutions are given on page 60. 
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Flattening the plane 


Next we consider some linear transformations with rule x —+ Ax for 
which det A = 0. A zero determinant suggests that all areas are reduced to 
zero under the transformation, and this in turn suggests that the 
transformation collapses the plane in some way. 


A simple case is the so-called zero transformation represented by the 


matrix ( af . Under the zero transformation all points map to (0,0), 


so the entire plane collapses onto a single point, as indicated in 
Figure 2.14. (Notice that in figures like these it seems sensible to combine 
the domain and codomain and illustrate the collapse on a single diagram.) 


There are other ways in which linear transformations can collapse the 
plane. For example, consider the linear transformation f representéd by - 
the matrix 


a (69) 


Since the position vectors of the images of (1,0) and (0,1) are 


Figure 2.14 Collapsing onto 


a(3)=(@)=2@) 1 aG@)-(=aG) 


they lie in the same direction. So the unit grid (and hence the entire 
domain R*) collapses onto the line that pas through the points (0,0), 
(4,2) and (6,3). This line has equation y = 4:7, or equivalently, 2 — 2y = 0 
(see Figure 2.15). 


In fact, the image of any point (x,y) has the position vector given by 


a(j)=2(2)+(s) =2(7) +97(7) 


= (2x + 3y) ic? (2.3) 

So all points of the domain R® that lie on the line 2x + 3y =0 collapse dn MST121, Chapter A2, the 
onto the point (0,0); all points on the line 22 + 3y = 5 collapse onto the equation of the line 

" ne tes He x a ; 26 + 8y = 0 would have been 
point with position veetor 5 ( 1 ) and in general, all points on the line written in the form y = —22, 

2 the equation of the line 
2x + 38y = k collapse onto the point with position vector k ( 1 ) So, 2x + 3y = 5 would have been 
itte = -2, 5 

overall, the plane is flattened onto the line « —2y = 0. pape Da aPhevandiac 


Qe + By =5 


> i 
2+ — 


| 
=e 
ay 


Figure 2.15 A flattening of the plane onto a line 
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Figure 2.16 S' = f(S) 
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Activity 2.8 A flattening of the plane 


Let f be the linear transformation represented by the matrix 


6.2 
rH Oe 
(a) Show that the images f(1,0) and (0,1) lie on the same line through 
the origin. 
(b) Express the position vector of the image of an arbitrary point (a, y) 
under f as a multiple of a single vector (as in equation (2.3). 


(c) Draw a diagram (similar to Figure 2.15) that shows the effect of f on 
the plane. 


(d) Calculate the determinant of A. 
Solutions are given on page 60. 


eee 
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The linear transformations represented by the matrices ( 2 and 


iC a) are examples of flattenings. 


A linear transformation f :R? — R® that maps R° onto a line 
through the origin or onto the origin is called a flattening. 


In general, we can check whether the linear transformation represented by 
the matrix 


ab 
ESS ( A 
is a flattening by examining the image S’ = f(S) of the unit square S (see 


Figure 2.16), The condition for f to be a flattening is that f collapses the 
plane onto a single line (or in the case of the zero transformation onto the 


origin), For this to happen, one of the two position vectors (3) and (1) 


along the edges of S’ must be a scalar multiple of the other. But these two 
position vectors are the columns of A, so the condition for f to be a 
flattening is that one column of A is a scalar multiple of the other. 


An alternative, but equivalent, way to ensure the collapse of 5 onto a 
single line or the origin is to impose the condition that det A = 0, for this 
will ensure that the area of $' is zero. 


Criteria for a flattening 
Let f be a linear transformation represented by the matrix 


ab 
a=(¢ ae 


Then the following are equivalent criteria for f to be a flattening: 


© one column of A is a scalar multiple (possibly a zero multiple) of 
the other; 


© the determinant of A is zero. 
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Earlier you saw that if f is a linear transformation represented by a 
matrix A, then the effect that f has on orientation is determined by the 
sign of det A. A positive determinant indicates that f preserves 
orientation, whereas a negative determinant indicates that f reverses 
orientation. Now it is possible to see what happens when det A = 0. In 
such cases, f collapses the unit square onto a line (or the origin), so it no 
longer makes sense to talk about the orientation of S’ = f(S). A zero 
determinant indicates that f destroys orientation. 


In Section 1, you saw the matrix representations of the rotation rg and the 
reflection qy. You now have all the tools needed to recognise scalings, 
a- and y-shears, and flattenings of the plane. 


Activity 2.9 Recognising linear transformations 


Identify the type of the linear transformation f represented by each of the 
matrices A given below. In each case, describe briefly the geometric effect 
of f. Also, in each case, calculate the factor by which areas are scaled and 
state whether orientation is preserved. 


@Aa=(15) mA=(73) @a=(5 9) 


Solutions are given on page 60. 


One-one and onto functions 


A glance at Figures 2.14 and 2.15 reveals some important differences 
between flattenings and other linear transformations. A flattening sends 
many different points to a single image point. For example, the 
transformation illustrated in Figure 2.15 sends all the points on the line 
2x + 3y = 0 to the origin, all the points on the line 22 + 3y = 5 to (10,5), 
and so on. Such functions are said to be many-one, By contrast, linear 
transformations such as isometries and shears are one-one functions in the 
sense that distinct points map to distinct: points. 


The following definitions are applicable to any type of function. 


A function f: A —> B is one-one or one-to-one if each element of If f is @ linear transformation, 
J (A) is the image of exactly one element of A; that is, then A= B= R? anda and b 


pattie 2 
for all a,b € A, ifa 4b, then f(a) 4 f(b). SESS 


A function that is not one-one is many-one or many-to-one. 


To show that a function is many-one it is sufficient to exhibit just two 

points in the domain that map to the same point in the codomain. Thus 

we can show that the linear transformation /f illustrated in Figure 2.15 is f(x) = i 4 x 
many-one by observing that f(3,—2) = f(0,0). 
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The following example illustrates one way to prove that a linear 
transformation is one-one (when it is). This method of proof is based on 
the following characterisation of a one-one function: 


for all a,b € A, if f(a) = f(b), then a=b, 


which is equivalent to that given in the definition box above. 


Example 2.1 Checking whether a function is one-one 


Let f be the linear transformation represented by the matrix 


1 6 
0 3y> 
Show that f is one-one. 


Solution 
Suppose (r,s) and (u,v) are points such that f(r,s) = f(u,v), Then 


I oh ee Dk r+6s\_ (u+6v 
Olay Ney a NO Byes Saakaes 3s J \ 8v )* 


Equating components, we obtain r+ 68 = u + 6v and 3s = 30, from which 
we conclude that s =v, and hence r = w. It follows that (r,s) = (u,v). 
Hence f is one-one. 


eee 


A second difference between flattenings and other linear transformations is 
that flattenings have image sets that fail to occupy the entire plane. For 
example, the image set of the flattening illustrated in Figure 2.15 is the 
line x — 2y = 0. By contrast, linear transformations such as isometries and 
shears have image that coincide with the codomain R’. 


When the image set of a function f coincides with the codomain of f. we 
say that f is an onto function. We make the following definition. 


A function f: A — B is onto if f(A) = B. 


To show that a function f : A — B is onto, we have to show that for 
each 6 in the codomain B there is a point a in A such that f(a) = b. 


Example 2.2 Checking whether a function is onto 


Let f be the linear transformation represented by the matrix 


(0 3): 


Show that f is onto, 
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Solution 


Let (u,v) be an arbitrary point in the codomain R*. For (u,v) to be the 
image of a point (x,y) in the domain, we require f(a,y) = (u,v); that is, 


: 2) (@) = (*) or, equivalently, Ca = eh 


Solving for (x,y), we obtain y = dy and hence « = u—6y = u—2v. So 
one point that maps to (u,v) is (x, y) = (u — 2v, Zu). Since (u,v) is an 
'y point in the codomain R’, we conclude that {(R°) = R?. Hence f 


Tn the following activity, you are asked to show that a particular linear 
transformation is one-one and onto. 


Activity 2.10 Checking whether a function is one-one and onto 


Let f be the linear transformation represented by the matrix 


(3 4): 


Show that f is (a) one-one (b) onto. 


A solution is given on page 61. 


Summary of Section 2 


This section has introduced: 


© the definition of a linear transformation of the plane, and the matrix 
that represents it; 
© the use of the unit grid and unit square to visualise the behaviour of a 


linear transformation; 
f linear transformations including scalings, shears 


© particular ty 
and flattening: 

© the relationship of the determinant of a matrix to area and orientation 
of figures. 


Exercises for Section 2 


Exercise 2.1 


Identify the type of the linear transformation f represented by each of the 
matrices A given below. In each case, describe briefly the geometric effect, 
of f. Also, in each case, calculate the factor by which areas are scaled and 
state whether orientation is preserved. 


wan(hd) oa-(23) a-(29 
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Exercise 2.2 


Let f be the linear transformation that sends (1,0) to (—1,4) and (0,1) to 
(2,3). Write down the matrix that represents f and use it to calculate the 
area of the triangle T with vertices at (0,0), (—1,4). (2.3). 


Exercise 2.3 

For each of the following linear transformations f, write down the 

matrix A that represents the transformation. 

(a) f scales the plane by a factor of 3 in the direction of the x-axis, and by 
a factor 7 in the direction of the y-axis, 

(b) f rotates the plane about the origin through 7/6 in a clockwise 
direction. 

(c) f shears the plane parallel to the a-axis in such a way that points at 
height 1 above the 2-axis shift 4 units to the left. 

(d) f maps the points (1,0) and (0,1) to the points (2,3) and (—5, 4), 
respectively. 


3 Composite and inverse transformations 


3.1 Composite transformations 


In Chapter A3, you saw that if one isometry f is followed by another 
isometry g, then the overall effect is a composite isometry go f. For 
example, if the rotation r,./3 is followed by the rotation r./g. then the 
overall effect is the rotation r,/2: that is, rj. = x/6 °Tn/a) aS illustrated in 
Figure 3.1, 


yv jj 
Tn/s 
——. 
I 1/2 
~~ —— \ * 


Figure 3.1 Composing rotations 


Later, in Chapter B1, you saw that forming composites is not restricted to 
isometries. The composite go f can be formed from any two functions f 
and g provided that the image set of f is a subset of the domain of g. 


acs domain Remember that go f means f 
set of f ofg followed by g. 


Figure 3.2 Condition for a composite go f to exist 


In this chapter, we concentrate on composites go f, where f and g are 
linear transformations of the plane. Such composites can always be formed 
because the image set of f is a subset of R’, and R? is the domain of g. 


The following activity illustrates a correspondence between the composite 
of two linear transformations and matrix multiplication. 


Activity 3.1 Matrix representing a composite of rotations 


(a) Write down the matrices R../3. Ryo, Rx/2 that represent the linear 
transformations rz/3, Tz/s, Tr/2. respectively. 
(b) Verify that Ryjz = RyjeRx/s- 
(c) What can you deduce from the pair of equations 
Tr/2=Tr/6 Ors and Ryyy = Ry/pRz/s? 


Solutions are given on page 61. 
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The correspondence in Activity 3.1 is no accident, for if 
f(x)=Ax and g(x) = Bx 


are two linear transformations of the plane (represented by matrices A and 
B, respectively), and if x is the position vector of an arbitrary point in the 
plane, then 


(g0 f)(x) = 9(f(x)) (definition of composite) 
= g(Ax) (definition of f) 
= B(Ax) (definition of g) 
= (BA)x. (a property of matrix multiplication) 


So the composite function go f is a linear transformation represented by 
the product matrix BA. 


Composition of linear transformations 
If f(x) = Ax and g(x) = Bx are two linear transformations, then 
go f is the linear transformation represented by the matrix BA. 


This result provides a bridge between geometry and algebra, for it tells us 
that the geometric effect of composing linear transformations can be 
expressed algebraically in terms of matrix multiplication. From a 
theoretical point of view, this is important because it enables us to use 
matrix algebra to study linear transformations. More practically, it 
provides a systematic approach to the manipulation of linear 
transformations that is easily handled (particularly by a computer). For 
example, if f(x) = Ax and g(x) = Bx are linear transformations 
represented by the matrices 


45 23 
A=(¢ 4) and Ba(7 i 


then the composite go f is the linear transformation represented by the 
matrix 


2 3\/4 5 M419 
BA=({ ae eles ne 


Activity 3.2 Matrix of a composite 


Let f(x) = Ax and g(x) = Bx be the «- and y-shears represented by the 
matrices 


i 1 0 
a=(5 rd and B=(t ue 


respectively. 
(a) Determine the matrices that represent each of the following composite 
transformations, 


(i) gof (ii) fog 
(b) Which of the composites in part (a) is illustrated by Figure 3.3? 
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ay 
SY 
at 


Figure 3.3 A composite transformation 


Solutions are given on page 61. 


The interplay between the algebra of matrices and the geometry of 
transformations provides us with two quite different ways to think about 
composites. For example, the result 


TeOTS = Toba: 
is reasonably easy to visualise geometrically. But how about the equivalent 
result for reflections? Can you imagine what the composite qa oq» looks 


like geometrically? Perhaps you can, but if not you can always use 
matrices to find qo oqy. 


You have already seen that the reflections qa and q, are represented by the 
matrices 
_ (c0s(20) sin(20) it aoa! ml 
oS ( sin(20) —cos(20)) ®"4 =| sin(2g) —cos(2) )’ 
respectively. So the composite qy o qy is is represented by the product 
matrix 
Q,Q) = cos(20) sin(20) cos(2) sin(2) 
we ~ \ sin(20) —cos(20) ) \ sin(26) —cos(2o) 
_ ( cos(20) cos(2@) + sin(24) sin(2@) cos(20) sin(2@) — sin(20) cos(2o) 
sin(20) cos(2) — cos(20) sin(2@) —sin(20) sin(2@) + cos(20) cos(2@) 
_ (cos(20— 26) —sin(20— =) Here, we use the 
sin(20—20)  cos(20—2@) ] * trigonometric difference 
But this is the matrix that represents a rotation about the origin through en 3.2 
the angle 20 — 2 = 2(0 — @). So we conclude that QoQ, = Rai») and ° ree 


formulas di 
Chapter A3, 


hence that In particular, with @ = 0 and 
F 0 = 7/2, we see that a 
19 2.95 = T(6-4)- (3-1) yeflection in the z-axis 
Here 6 — @ is the angle between the two lines of reflection and the followed by a reflection in the 
composite is a rotation through twice this angle. In fact, this y-axis is equivalent to a 


interpretation holds for reflections in any two lines that intersect. This is "tation through 7. 


because we can always pick Cartesian axes that have the origin at the 
intersection point, and then apply the above matrix argument to derive 
the following general result, which is illustrated in Figure 3.4, overleaf. 
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Figure 3.4 Composing 
reflections 
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Composition of reflections 

Let and m be two lines that meet at a point P. Then the composite 
transformation formed from reflection in the line ¢ followed by 
reflection in the line m is rotation about P through twice the angle 
from ¢ to m. Reversing the order in which the reflections are 
performed, reverses the angle of rotation. 


Next we consider the composite of a reflection and a rotation. 


Activity 3.3 Composite of a reflection and a rotation 


(a) Use matrix multiplication to show that the composite ro qy is a 
reflection in a certain line / through the origin. 


(b) What angle does / make with the positive a-axis? 


Solutions are given on page 62. 


As a further illustration of the interplay between geometry and algebra, we 
consider what happens to orientation and areas under the composite go af 
of the linear transformations 


f(x)=Ax and g(x) = Bx. 


There are two ways of thinking about the composite go f (see Figure 3.5). 
The first is to think of it as a single linear transformation represented by 
the matrix BA. Under go f, areas are scaled by the factor 


|det (BA). 


The second way is to think of the transformation as a two-stage process. 
First f scales areas by the factor |det Aj, and then g scales the result by a 
further factor |det B|. Overall, therefore. the composite transformation 
scales areas by the factor 


| det B] x |det Aj = | det Bdet Al. 


Thus 
|det(BA)| = |det Bdet Aj. (3.2) 
y y 
got 
= 
x|det(BA)| 
; z a z 
y 
gI7° 
/x\detB| 
is 


Figure 3.5 The effect of a composite linear transformation on areas 


SECTION 3 COMPOSITE AND INVERSE TRANSFORMATIONS 


But what about the signs of det(BA) and det Bdet A? If f and g both 

preserve orientation, so will go f. If f and g both reverse orientation, then 

go f will preserve orientation. Also, if g reverses the orientation reversed 

by f, then go f will preserve orientation. In terms of determinants, this Recall that the orientation of 
means that figures is preserved if det A is 
det A and det B are positive sas Bucireversedl ie deh Ay 
det A and det B are negative. pe eee: 


det(BA) is positive if { 
Otherwise. if f and g have opposite effects, then go f will reverse 
orientation. So 

det(BA) is negative if det A and det B have opposite signs. 
Thus 

det(BA) has the same sign as det Bdet A. (3.3) 


On combining equations (3.2) and (3.3), we obtain the following result. 


Determinant of a product matrix This states that the 


Re OA adits wales meee determinant of a product is 
the product of the 


det(BA) = det Bdet A. determinants, Note that no 
such result holds for the 
determinant of the sum of 
As an illustration, recall from page 36 that if two matrices. 


45 23 14 19 
oe a) and B=(; Ob then BA=(i “ae 


These matrices have determinants 
dettA=4x3-5x2=2, 
detB=2x1-3x4=—10, 
det(BA) = 14 x 23 — 19 x 18 = 322 — 342 = —20, 


respectively. Notice, however, that we could calculate the third 
determinant more easily by using the rule for the determinant of a product: 


det(BA) = det Bdet A = (—10) x 2= —20. 


You will need to use the above rule in the following activity. 


Activity 3.4 Composites of flattenings 


Let f and g be linear transformations of the plane represented by 
matrices A and B respectively. 


(a) Show that if g is a flattening, then the composite linear transformation 
go f is also a flattening. 

(b) Show that if go f is a flattening, then either g or f (or both) is a 
flattening. 

Solutions are given on page 62. 
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In this case, f can also be 
written as 


f= 4n/2°9- 
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Scalings revisited 

Here we use composition to complete the geometric interpretation of the 
two linear transformations considered in parts (b) and (c) of Activity 2.4. 
The scaling f in part (b) is represented by the matrix 


Since 
=2 0h (3. 0 -1 0 
02) \oO 2 Oo Ly? 
the linear transformation f can be written as 
f=9°4n/2; 


where g is the scaling represented by 


3 0 fan 
7 a and q,/2 is reflection in the 


y-axis. 


The geometric effect of f is shown in Figure 3.6. 


Qn /2 


| 
ae 


AY 
} 
C 


Figure 3.6 Geometric effect of f 


Thus the reflection evident in Figure 8.14 has been explained. 


The scaling in Activity 2.4(c) is the subject of the following activity. 


Activity 3.5 Interpreting a scaling 


Let f be the scaling represented by the matrix 


—3 #40 
OF =O 


(a) Show that 


-3 0\_/38 0 -1 0 1 0 
0 -2)/° \O 2 oO. 0 -1/))° 
Hence express f as a composite involving three linear transformations. 


Identify those transformations. 


(b) Use equation (3.1) to express f as a composite involving just two 
linear transformations. Sketch the geometric effect of f. 


Solutions are given on page 62. 
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In Section 5, you will use the computer to express other types of linear 
transformations as composites. In particular, you will see examples of 
linear transformations represented by matrices of the forms 


(: t is i a A 2x2 matrix that has a 


zero in the bottom left-hand 
corner or in the top 
right-hand corner is called a 
triangular matrix. 


where a, b, c and d are non-zero. Special cases of such linear 
transformations are the a-shears and y-shears you met in Subsection 2.2. 


3.2 Inverse transformations 


In this subsection, we explore whether it is possible to ‘undo the effect’ of 
a linear transformation by applying a second linear transformation. In 
Chapter A3, you saw that it is possible to undo the effect of a rotation ry 
by applying a second rotation r_9. And a reflection qo is self-inverse, so its 
effect can be undone by applying go again. 


By contrast, a flattening of the plane cannot be undone. This is because a 
flattening is a many-one function, and it is impossible for a second 
function to send a point (such as the origin) back to more than one point. 


But what about linear transformations that do not flatten the plane — can 
they always be undone? To help answer this question, recall that a matrix 


ab 
a ig a 


with the property that det A 4 0, has an inverse matrix given by Inverse matrices were 
| dues discussed in MST121 
Ae ( ip Chapter B2, Section 5. 
ad—be\-e a4 
that satisfies 
AAS=A™A=I, (3.4) 


where I is the identity matrix. 


Activity 3.6 Inverse of a matrix 
Show that the matrix 
5 8 
A=(7 5) 
has an inverse A~!, and hence determine it. Verify that 


AAT = ACTA 


A solution is given on page 62. 
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By contrast, recall from 
Subsection 2.3 that a 
flattening is neither one-one: 
nor onto. 


Remember that A fails to be 
invertible if and only if 
det A = 0, 
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Now suppose that f is a linear transformation represented by a matrix A 
with inverse A~!, Then we can define the linear transformation 


g(x) = Au!x. 
For any x € R?, we have 

(90 f)(x) = g(f (0) = g(Ax) = A“'(Ax) = (A“'A)x = Ix = x, 
so g undoes the effect of f, as required. Also 

(f 0.9)(«) = f(g(x)) = f(A*x) = A(A™!x) = (AA™)x = Tx = x, 


so f undoes the effect of g, The transformation g is called the inverse of f 
and it is denoted by f~!. 


The existence of this inverse f~! has two important consequences, namely 
that f is both one-one and onto. 


First, we show that / is a one-one function, Suppose that x and y are 
vectors such that f(x) = f(y). Then 


IF) = SFY), 


sox =y. Hence f is one-one. 


Secondly, we show that f is an onto function. Let y be an arbitrary point 
of the codomain R°. Then 


x= f-'(y) lies in the domain R® of f. 
So 
f(x) = f(F"(y)) =¥ 


Since y is an arbitrary point of the codomain R?, we conclude that 
F(R?) = R°. Hence f is onto. 


We have therefore established the following general result. 


Inverse of a linear transformation 

Let f be a linear transformation of the plane represented by a 

matrix A. 

© If A is invertible, then / is a one-one, onto function with inverse 
{7!. This inverse is a linear transformation represented by the 
matrix A~!. We say that f is invertible (or non-singular). 

© Ifthe matrix A is not invertible, then f is a many-one function 
that flattens the plane. Therefore f has no inverse. 


Example 3.1 Finding an inverse transformation 


Let f be a linear transformation represented by the matrix 


3 2 
A=(5 a): 
(a) Show that f is one-one and onto, 


(b) Determine f~'. 
(c) Find the point (a,y) such that f(#,y) = (2.1). 
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Solution 
(a) In this case, 
detA =3x4-2x5=2. 


Since this determinant is non-zero, the matrix A is invertible. It 
follows that f is one-one and onto. 


(b) The inverse f~' is the linear transformation represented by the matrix 


it ie: 
~ det A \-5 


(c) The required point is f~ 
EN f 2 SUNN Yi 
ASC hehehe) 


In the next activity, you are asked to investigate the geometric effect of the 
inverse of a linear transformation. 


Activity 3.7 Finding an inverse transformation 


Let f be a linear transformation represented by the matrix 


3 2 
a=(¢ 3)- 


(a) Show that f is one-one and onto, and determine f~'. 


(b) Find the image of the unit square S under f, and check that f(S) is 
sent back to S by fu}. 


(c) What are the factors by which f and f~' scale areas, and what is the 
relationship between these factors? 


Solutions are given on page 63. 


The solution to this activity illustrates a general result, namely that the 
factor by which f~! scales areas is the reciprocal of the factor by which f 
scales areas. In fact, we can use the result about the product of 
determinants on page 39 to express this observation in terms of 
determinants. For if f is represented by the matrix A, then f~! is 
represented by the matrix A~!. So we have 


det A det(A7') = det(AA“!) = det I = 1. 


This shows that det(A~') is the reciprocal of det A. 


Determinant of an inverse matrix 


If A is an invertible matrix, then det(A~!) = u 


det A’ 


One rather surprising application of an inverse transformation f~! is that 


it can be used to find the images of curves under f. The next example The same technique can be 
illustrates this by finding the image of the unit circle x? +y? =1 under a _ used to find the images of 
particular linear transformation. other curves. 
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fe) ip 


<1 


Figure 3.7 The points P and 
SAP) 


Using the techniques in 
Chapter A3, Section 4, we 
ean show that this is the 
equation of an ellipse. 
Remember that the area of a 
circle of radius 7 is mr, 
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EE 


Example 3.2 Area of an image 


Let f be the linear transformation represented by the matrix 


1 —2 
= ( 3): 
Find the equation of the image f(#) of the unit circle @ under f, and 
calculate the area enclosed by {(#). 


Solution 


First observe that det A = 1 x (—3) — (—2) x 1 = —1, so f has an inverse 
transformation f~! represented by the matrix 


= 1 /-3 2 3 =2 
—— = 
ay a 


If P is an arbitrary point (w,y) on the image f(#), then P must be the 
image under f of the point f~!(P) on @; see Figure 3.7. The position 
vector of f~'(P) is 


ao (5) as C 4) hee pe en) 
y 1-1) \y ry) 

Since these components are the coordinates of a point on the unit circle @, 
it follows that 

(3a — 2y)? + (a —y)? =1, 
or equivalently 

Qa? — 12ay + dy? + x? — Qay + y? = 15 
that is 

10x" — lary + 5y? = 1. 
This is 
Now the area enclosed by @ is 7. Since f scales areas by the factor 
|det A| =| —1| = 1, it follows that the area of f(#) is also 7. 


therefore the equation (satisfied by the points) of /(#). 


The next activity provides practice in calculating such an area. 


Activity 3.8 Area of an image 


Let f be the linear transformation represented by the matrix 


ff 2 ok 
a= If 1 : 
Find the equation of the image f(#) of the unit circle @ under f, and 


calculate the area enclosed by f(@). 


A solution is given on page 63. 
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Now suppose that you are given the equation of an ellipse B. Provided 
that you can find a linear transformation f that maps the unit circle 
onto £, then you will be able to calculate the area enclosed by BE. 


Activity 3.9 Finding the area of an ellip: 


(a) Give a geometric description of a linear transformation f that sends 
the unit circle @ onto the ellipse }2* + ty’ = 1. Hence write down the 
matrix that represents f, and use it to find the area enclosed by the 
ellipse. 

(b) Show that the area of an ellipse of the form x?/a? + y*/b? = 1, where 
a> 0 and b > 0, is rab, 


Solutions are given on page 63. 


to 


Summary of Section 


This section has introduced: 

© the composite of one linear transformation followed by another; 

the inverse of a linear transformation; 

the use of matrices to calculate composite and inverse transformations; 
the formulas det(BA) = det B det A and det(A~') = 1/det A; 


the condition det A # 0 for a linear transformation f(x) = Ax to have 
an inverse: 


oo Oo 8 


° 


the use of an inverse transformation to find the image of the unit 
circle, and hence the area enclosed by the (elliptical) image. 


Exercises for Section 3 


Exercise 3.1 


Let f and g be linear transformations represented by 


2 =1 2 3 
a=(3 a and B=(5 “i 


respectively. Determine the matrices that represent each of the following 
composite transformations. 


(a) gof  (b) fog 
Exercise 3.2 


For each of the following matrices A decide whether it is invertible. For 
those that are invertible, calculate A~!. 


o@2) 8) (2% @@} 
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Exercise 3.3 


Let f be the linear transformation that maps (1,0) to (2,3) and (0,1) to 
(—3, —4). Also let g be the linear transformation that maps (1,0) to (1,2) 
and (0,1) to (—1,1). 


(a) Write down the matrices A and B that represent f and g, respectively. 


(b) Use the matrix that represents f to find a linear transformation that 
maps (2,3) back to (1,0) and (—3, —4) back to (0,1). 


(c) Find a linear transformation that maps (2,3) to (1,2) and (—3, —4) to 
(-1,1). 
Exercise 3.4 
Let. f be the linear transformation represented by the matrix 
2 3 
a=(29) 
Find the equation of the image f(@) of the unit circle @ under f, and 
calculate the area enclosed by f(#). 


4 Affine transformations 


So far we have concentrated on linear transformations. These 
transformations map parallel lines onto parallel lines, and therefore have a 
homogeneous effect on the plane. As you have seen, this effect. can be 
visualised by examining what happens to the unit grid. 


Linear transformations suffer from one serious limitation, namely that they 


leave the origin fixed. So, although we can use linear transformations to 
describe rotations about the origin, we cannot use them to describe 
rotations about other points. Nor can we use them to describe reflections 
in lines that do not pass through the origin. There are many other 
transformations of the plane that map parallel lines to parallel lines, and 
yet cannot be described by linear transformations. To overcome these 
limitations, affine transformations are now introduced. 


4.1 Definition of an affine transformation 


The effect on the unit grid of any transformation that maps parallel lines 
to parallel lines can be determined from its effect on just three points, 
namely (0,0), (1,0), (0,1). The top parts of Figure 4.1 illustrate this for a 
transformation f that sends the points (0,0), (1,0), (0,1) to the points 
A(2,1), B(5,3), C(3,4), respectively, Because f preserves parallelism, it 
must send the unit square to the parallelogram ABDC, and this 
determines the effect that f has on the entire unit grid. 


ve yy 
f 'D 
Se C (3,4) 
B(5,3) 
o ‘A (2,1) 
a Fr) i Say _ 
ve a 
g 4] / tay 
in! 
SiS) (ww 


L 
(shifted image) 
( 


‘B! (3,2) 


A'(0,0) La 


Figure 4.1 Decomposing the transformation f 


How can this effect be described algebraically? Suppose, for a moment, 
that the image of the unit grid is shifted 1 unit down, and 2 units to the 


See Figure 2.4, for example. 


The adjective ‘affine’ has the 
same root as the noun 
*. Its use here signifies 
xistence of a relationship 
or resemblance between a 
figure and its image under 
such a transformation which, 
except in special cases, is 
more general than those of 
congruence and similarity. 


D is the image of (1,1) 
under f. 
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Remember that the first 
column of A is the position 
vector of B’, the image of 
(1,0) under g, and the second 
column is the position vector 
of C’, the image of (0,1) 
under g (see the boxed result 
‘on page 19). 


48 


CHAPTER B2 MATRIX TRANSFORMATIONS 


left of its actual position, as shown at the bottom of Figure 4.1. In this 
‘shifted image’, A has moved to the origin, B has moved to B! with 
coordinates (5 — 2,3 — 1) = (3,2) and C has moved to C’ with coordinates 
(3 — 2,4 — 1) = (1,3). We can obtain the shifted image from the unit grid 
by applying the linear transformation g represented by the matrix 


ye 
eae). 
We can then map the shifted image grid to its actual position by applying 
the translation tj. Thus f is equal to the composite function ty, 0g. So 


the effect of f on an arbitrary point with position vector x is described by 
the rule 


r= (3 3)x+(4)- 


A quick way to write down such a rule is to note that the first column of 


the matrix A is the vector AB, the second column is AC, and the vector 


oo) is the position vector of A. Use this method in the following activity. 


Activity 4.1 Finding a transformation that preserves 
parallelism 


Write down a transformation f that preserves parallelism and sends the 
points (0,0), (1.0), (0,1) to the points A = (5,3), B = (7,4), C = (8,6), 
respectively. 


A solution is given on page 64. 


Any transformation f that preserves parallelism can be analysed in a 
similar way, Suppose f sends the points (0,0), (1,0), (0,1) to the points 


A(p,q), B(s,t), C(u,v), respectively; see Figure 4.2. Then AB has 
components (co and AC has components be = yh. so the required 
transformation is given by the rule 

sem (S=8 Soe) ae (2) 
You can check that this rule is correct by checking its effect on the points 
(0,0), (1,0), (0.1). 


v uv 

| - 

| 

f 
a ae C(u,v) 
0.1 nop 4c ek 
(0,1) (1) a 
Ls Ee) 

(0.0) (1,0) ® ; z 


Figure 4.2 Defining the transformation f 
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So you now have a way of finding a function of the form f(x) = Ax +a 
that sends (0,0), (1,0), (0,1) to any three given points. Functions that 
have this form are known as affine transformations. 


An affine transformation of the plane is a function of the form 
f:R? — R? 
xh Ax+a, 


where A is a 2 x 2 matrix and a is a vector with two components. 


As with linear transformations, 


t is possible for an affine transformation 
to flatten the plane. This occurs when one of the vectors AB or AC in 
Figure 4.2 is a scalar multiple of the other, In such a case, the matrix A is 
not invertible. 

For ease of reference, the method for finding an affine transformation is 
summarised in the following boxed result, 


Determining an affine transformation 
The affine transformation f:R? — R* that maps the points (0,0), 
(1,0), (0,1) to the points (p,q). (s.#), (u,v). respectively, is given by 


Hay= ($72 GP la+(2). 


n Activity 2.6, you saw how a linear transformation can be used to find 
the area of a triangle that has a vertex at the origin, The same approach 
can now be used to find the area of any triangle. 


Example 4.1 Area of a triangle 


(a) Write down the affine transformation that sends the points (0,0), 
(1,0), (0,1) to the points (2,5), (3,-7), (1,—3), respectively. 
(b) Hence find the area of the triangle 7’ with vertices at (2,5), (3,—7), 
(1,-3). 
Solution 
(a) The required affine transformation f has the rule x —+ Ax +a, where 
3-2 Lez if 2 
iS Cae -8-5) - (2 =3) ae (5): 


(b) Since the translation through the vector a has no effect on areas, it 
follows that the affine transformation scales areas by the factor 


|det A] = |1 x (—8) — (—1) x (—12)| = 20. 
t (0,0), (1,0), (0,1) has area 4, so the area 


The triangle with vertic 
of T must be 20 x } = 10. 
—— ss Ss SSS eee 


The important thing to notice about this example is that the translation 
through the vector a has no effect on areas, so the factor by which an 
affine transformation f(x) = Ax +a scales areas is simply | det Al. 


Some texts reserve the term 
‘affine’ for transformations 
where the matrix A in the 
rule x—+ Ax +a is 
invertible, 


The translation also has no 
effect, on orientation, so f 
preserves orientation if det A 
is positive, and reverses 
orientation if det A is 
negative. 
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See line above Activity 1.6, 


rotate 
through 
n/2 


Figure 4.3 Decomposing a 
rotation 
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Activity 4.2 Finding the area of a triangle 


(a) Write down the affine transformation that sends the points (0,0), 
(1,0), (0,1) to the points (4,—3), (—1,5), (3, 7), respectively. 

(b) Hence find the area of the triangle T with vertices at (4,—3), (—1,5), 
(3,7). 


Solutions are given on page 64. 


4.2 General rotations and reflections 


So far, we have confined our attention to those rotations and reflections 
that fix the origin. But with the introduction of affine transformations, 
this constraint of a fixed origin no longer applies. Suppose we wish to 
investigate the transformation that rotates the plane about the point (2,3) 
through an (anticlockwise) angle 7/2. How can this transformation be 
described algebraically? 


You have already seen that an (anticlockwise) rotation through 7/2 about 
the origin can be expressed algebraically by the linear transformation r./2. 
which is represented by the matrix 


0 -1 
Rea (i a 


One approach to achieving the rotation about (2,3) (see Figure 4.3) is first 
to translate the plane so that the point (2,3) ends up at the origin. The 
translated plane can then be rotated about the origin through 7/2, and 
finally it can be returned to its correct position by applying the translation 
that sends the origin back to the point (2,3). 


Algebraically, this is equivalent to the composite of three transformations, 
namely ty,  (1'y/2 0 t-2,-s). Under this composite transformation, an 
arbitrary point x is mapped to 


-2 2 0) =1 2 2 
en (x+(<3))+(5) =(7 0) &-(3)) +(3) 
i | 0 -1 2 2 
=(1 o)=-(0 0) (3) +(3) 
0 =1 =3 2 
=(1 “o)=- (2) +(3) 
0 =1 5 
= (1 “o)*+(2): 
So the rotation through 7/2 about the point (2,3) can be expressed as the 
affine transformation f:R° —> R° defined by 


reo = (7 ~9)x+(2)- 


A check on our working is to show that the centre of rotation (2,3) 
remains fixed. Here : 


(1 0) G)*(2)=(2)+(2) =): 


as required. 


SECTION 4 AFFINE TRANSFORMATIONS 


In the following activity, you are asked to produce an argument like that 
above in order to find another rotation. 


Activity 4.3 Finding a rotation 


Find the affine transformation that describes an anticlockwise rotation 
about the point (3,1) through 7/3. 


A solution is given on page 64. 


The idea of performing ‘the same action (a rotation) somewhere else’ can 
also be applied to reflections. The next activity asks you to find an 
algebraic description for a reflection in a line that does not pass through 
the origin. In this case, you can choose to translate any point on the axis 
of reflection to the origin and use your knowledge of the matrix for a 
reflection in a line through the origin. 


Activity 4.4 Finding a reflection 


(a) Determine the matrix that represents reflection in the line y = x. 


(b) By first translating the point (0,4) to the origin, find the affine 
transformation that describes reflection in the line y = a +4. 


Solutions are given on page 64. 


Summary of Section 4 


This section has introduced: 


© the definition of an affine transformation, and its interpretation as a 
function that preserves parallelism; 

© a technique for finding the area of a triangle given the coordinates of 
its vertices; 

© a technique for finding the affine transformations representing general 


rotations and reflections, 


Exercises for Section 4 


Exercise 4.1 


a) Write down the affine transformation that sends the points (0,0), 
(1.0), (0,1) to the points (4,—2), (10.5). (8.7), respectively. 

(b) Hence find the area of the triangle T with vertices at (4,—2), (10.5), 

(8,7). 


Exercise 4.2 


Find the affine transformation that describes an anticlockwise rotation 
about the point (4,6) through 7/4 radians. 
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D) 


In this section you will need computer access and Computer Book B. 


The computer can be used to illustrate the effect of linear transformations 
on the unit grid and polygonal figures. This makes it possible to check 
your understanding of the way scalings, shears and flattenings behave. It 
n also help you to explore the behaviour of less familiar linear 
transformations, and to investigate ways of decomposing them into a 
composite of simpler linear transformations. In this connection, rotations 
about the origin, reflections in lines through the origin, scalings. #-shears, 
y-shears and flattenings are referred to as basic linear transformations. 


Affine transformations can be investigated in a similar way. In particular, 
you are invited to explore ways of sending one figure onto another, 


Refer to Computer Book B for the work in this section. 


Summary of Section 5 


This section has used the computer to explore the behaviour of various 


linear and affine transformations. 


Summary of Chapter B2 


In this chapter you saw how certain isometries of the plane can be written 

in matrix form. This led to the idea of a linear transformation f(x) = Ax 

represented by a matrix A. You saw how the unit grid can be used to 

explore the various kinds of behaviour exhibited by a linear transformation 
in particular, scalings, uniform scalings, shears and flattenings. 


One striking feature of a linear transformation is that it has a 
homogeneous effect on the plane. In particular, the factor by which the 
area of a figure aled is independent of the figure’s location in the 
plane. In fact, the scale factor for the area is equal to | det A| and this 
enables us to use determinants to calculate the area of certain figures like 
triangles and ellipses. 


Finally you met the idea of an affine transformation. This combines 
translations with linear transformations, allowing us to study figures 
located anywhere in the plane. 


Learning outcomes 


You haye been working towards the following learning outcomes. 


Terms to know and use 


Translation through a vector, position vector, linear transformation, 
matrix representation of a linear transformation, identity 
transformation, unit grid, unit square, scaling, uniform scaling, 
diagonal matrix, shear, flattening, zero transformation, orientation of a 
figure, one-one function, many-one function, onto function, triangular 
mat nvertible linear transformation, affine transformation. 


Notation to know and use 


© AB for the vector represented by an arrow from A to B, 


p for the position vector of the point P. 


° 
© Ry and Q, for the matri 
° 


‘8 that represent rp and qe, respectively. 


det A for the determinant of a matrix A. 


Mathematical skills 


© Use vector algebra to express the position vector of a point in terms of 
the position vectors of other points. 


© Use the matrix representations of rotations (about the origin), 
reflections (in lines through the origin), scalings, shears and flattenings. 


© Write down the matrix representing a linear transformation given the 
images of the points with coordinates (1,0) and (0,1). 


© Find the image of a polygonal figure under a linear transformation. 


© Compose transformations by using matrix multiplication. 
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Find the inverse of a transformation represented by an invertible 
matrix. 


Use the inverse of a linear transformation f to find the image of the 
unit circle under f. 

Use determinants to calculate the area of the image of a figure under a 
linear or an affine transformation. 

Determine the affine transformation that represents a general rotation 
or reflection, 


Ideas to be aware of 


© Be aware of the type of rules that give rise to linear transformations. 

© Know that linear transformations have a ‘homogeneous’ effect on the 
plane, 

© Know the various (equivalent) conditions on a matrix, or linear 
transformation, that give rise to flattenings, namely: matrix has zero 
determinant, one column of matrix is a scalar multiple of the other; 
matrix is not invertible; transformation is not invertible; 
transformation is not onto; transformation is many-one. 

Mathcad skills 

© Investigate linear transformations by examining their effect on the unit 
grid. 

© Investigate images under linear and affine transformations. 


Solutions to Activities 


Solution 1.1 Solution 1.2 
In each of parts (a)~(d), the «- and y-axes are to be (a) Here 
taken to be acros 
Syne ve(28 
(a) G 3 12 
(b) We have 
-5 10 
c=-mo-2(-2)=(1) 
i 81 
eae (c) Here 
(b) c=4a—2b 
4\_,f-5 
sine ~«(3)-2(73) 
_ (16 +10 
~\ 12-4 
1 oa 
Figure 8.2 
(c) 
( 
4 = 7 
=3 Solution 1.3 
Figure 8.3 In each of parts (a)-(d), the «- and y-axes are to be 
taken to be across and up the page, respectively. 
(d) (a) Here, ¢ = 4a is the vector that has 4 times the 
magnitude of a and the same direction. 
3 =2 
<< Sa a 
il da 
Figure 8.4 


Figure 8.5 


se, € = —2b is the vector that has 
the magnitude of b, but points in the 
opposite direction. 


Figure S.6 
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(c) Here, ¢ = 4a — 2b is represented by the arrow 
from the tail of the arrow for 4a to the tip of the 
arrow for —2b, 


—2b 


da—2b 


Figure S.7 


arrow from the tail of the arrow for 2a to the tip 
of the arrow for 


3 
2a+ tb 


Figure 8.8 
Solution 1.4 


(a) Using the arrows that link Q to R via P, we have 


QR = QP + PR=-SR+ PR=PR-SR. 


(b) Here 

PS = PR+ RS = PR- PQ. 
Solution 1.5 
(a) 


Figure $.9 

First let s be the position vector of S. Then 
$= 0S =OP+ PS =p+4PQ@. 

But PQ = PO+0Q= —P+4=4-—P, 80 
s=p+i(a—p)=jpt+ 44. 

Next let t be the position vector of 7’. Then 
t= OT =OP + PT =p+2PQ, 

so 


t=p+3(q—p) = p+ Fa. 
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(b) In the particular case where P = (2,5) and 
Q = (1,-3), we have 


Solution 1.6 


In each case, we obtain the required matrix by 
replacing @ in the general form for Rg by the specific 
angle of rotation. 


Since cos = 1 and sin = 0, ro is represented by 
10 
es G ae 


(This is the 2 x 2 identity matrix, which we usually 
write as I.) 


Since cos = —1 and sin = 0, ry is represented by 
-—1 0 
Be ( o 1 ) ; 
Since cos(3n/2) = 0 and sin(3x/2) = —1, r 


represented by 


01 
Rox/2 = es NE 


Since cos(27) = 1 and sin(27) = 0, ray is represented 


by 
10 
Rax's iG ') 


Solution 1.7 


‘The rotation r,/4 is represented by the matrix 


R., = (cor/4) ~sin(a/4) 
7/4 \ sin(w/4) — cos(m/4) 


= $v2 -}v2 ; 
v2 iva 
The image of the unit square therefore has vertices 
given by 


(Me fa) (a)-(): 
IVE -1v2 
lee Pal 
WE -1v2 
(Ne ha) ( 
(M2 ha) ( 


va 
vi 


The image of S is the square with vertices at (0,0), 
(3v2. v2), (0, V2) and (~5v2, 4 V2). This image 


is shown below. 


Figure 5.10 
Solution 1.8 


The reflection q_/4 is represented by the matrix 
Ge cos(7/2) sin(7/2)\ _ (0 1 
m4 \ sin(n/2) —cos(r/2))~ \1 0)° 


The image of the unit square therefore has vertices 


)(0)-() 
(2)()-(): 
CG) 
(0) =() 


‘The image is the square with vertices at (0,0), (0,1), 
(1,1) and (1,0). So, although two of the vertices 
swap over, the image of the unit square is itself. 


Solution 2.1 


(a) f is the linear transformation represented by the 
matrix 


(1 7): 


(To ensure the correet ordering of the matrix 
elements, you may find it helps to rewrite the 
image (w + 2y.y — a) in the form 
(a+ 2y, —2 + y).) 

(b) fis not a linear transformation because it maps 
(0,0) to (2,0). 

(c) f is the linear transformation represented by the 
zero matrix 


0 0 
OOF 


SOLUTIONS TO ACTIVITIES 


(d) f is not a linear transformation because it maps 
(0,0) to (2,1). 

(e) f is not a linear transformation because it 
reflects (0.0) to (4.0), 


(f) f is the linear transformation represented by the 
matrix 


Solution 2.2 


(a) The vertices of g($) have position vectors: 


EDO-C 


= 
ne 
Se 
Bae 
on 
= 
i] 
See 


(2)0)-¢ 
(:)0)-¢ 


Since f maps lines to lines, we deduce that the 


image of S is the parallelogram shown in 
Figure 8.11. 


va 
i (4,3) 
| (2) 
| (311) 
(0,0) z 
Figure S11 
(b) The vertex (with position vector) Gh is the 


first column of A. 


ree $ ie 1 
Similarly, the vertex (with position vector) (3) 
is the second column of A. 


Finally, the vertex (4,3) has position vector 


(3)=(@)*(). 


the sum of the columns of A. 
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Solution 2.3 
(a) From equation (2.2) we know that f(1,2) has 


(b) 


position vector a + 2b. We can therefore plot its 
position by starting at the origin and counting, 
one parallelogram ‘length’ in the direction of a, 
followed by two parallelogram ‘lengths’ in the 
direction of b (see Figure S.12). 


Here f(2,—1) has position vector 2a — b, so we 
can plot its position by counting 2 parallelogram 
‘lengths’ from the origin in the direction of a 
followed by 1 parallelogram ‘length’ in the 
opposite direction to b. 

Finally (0,2) has position yector 2b, so we can 
plot its position simply by counting 2 
parallelogram ‘lengths’ from the origin in the 
direction of b, : 


ii * 70,2) 


*#(0,2) 


Figure S12 
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Solution 2.4 


(a) 


(b) 


In this case f maps (1,0) to the point with 


position vector a and it maps (0,1) to the 


0 


point with position vector ) so the unit grid 


0 
2 
is mapped to the grid shown in Figure $.13. 


ve 


() ° 


Figure 8.13 


The image grid is not skewed. but distances 
parallel to the x-axis are scaled by the factor 3, 
and distances parallel to the y-axis are scaled by 
the factor 2. 


Since the unit square S is mapped to the 
rectangle S’ with vertices at (0,0), (3,0), (3,2), 
(0.2), it follows that areas are increased by the 
factor 3 x 2 = 6, This factor is just the product 
of the diagonal elements of A. 


Here f maps (1,0) to the point with position 


vector es , and it maps (0.1) to the point 


with position vector a) so the unit grid is 


mapped to the grid shown in Figure $.14. 


ue 


Figure S.14 


(c) 


Once again the image grid is not skewed. 
Distances parallel to the 2-axis are scaled by the 
factor | — 3] = 3, and distances parallel to the 
y-axis are scaled by the factor 2. 


Since the unit square S is mapped to the 
rectangle S$’ with vertices at (—3,0), (0,0), 
(0,2), (—3, 2), areas are again increased by the 
factor 3x 6. However, in this case the factor 
is equal to the modulus of the product of the 
diagonal elements. 


Here f maps (1,0) to the point with position 


vector = andiit maps (Oni forthe paint 


with position vector ; 80 the unit grid is 


0 
-2 
mapped to the grid shown in Figure $.15, 


a 


Figure S15 


As before the image grid is not skewed. 
Distances parallel to the w-axis are again sealed 
by the factor | = 3] = 3, and distances parallel to 
the y-axis are scaled by the factor | —2| = 2. 


Since the unit square S is mapped to the 
rectangle S' with vertices at (—3,—2), (0,—2), 
(0,0), (—8,0), it follows that areas are increased 
by the factor 3 x 2= 6. This factor is equal to 
the product of the diagonal elements. 


SOLUTIONS TO ACTIVITIES 


Solution 2.5 


(a) In this case, f leaves (1.0) unchanged, and it 


en t,2) y 
2 
i 1 
Srl me tea p ep z = 


maps (0,1) to the point with position vector 


i so the unit grid is mapped to the grid 


shown in Figure S. 


x2— 


(b 


Figure $.16 


The effect of the transformation is to shear the 
plane parallel to the a-axis, as indicated by the 
‘half” arrows. That is, each point moves parallel 
to the x-axis through a distance that is 
proportional to its height above the «-axis, Here 
height and distance are ‘signed’, so points below 
the axis move in the opposite direction to those 
above the axis, (The effect on the unit square is 
rather like a cross-section through a stack of 
paper resting on the «axis, As the top sheet is 
pushed to the right each of the other sheets is 
pulled a distance proportional to its height in the 
stack, The resulting shape is a parallelogram.) 


Although the transformation changes the shape 
of the unit square into a parallelogram, the area 
of the parallelogram is the same as the area of 
the unit square, Indeed, by using the formula for 
the area of a parallelogram (see Figure 2.9), we 
find that its area is 1 x 1 = 1. It follows that the 
shear leaves areas unchanged. 


Also, under the shear, the ordering of the unit 
square’s vertices remains unchanged, so the 
shear preserves orientation, as shown in 
Figure 8.17. 


ys 
f 
—. 
a 6 Oo Bt 
o| oA z oO] A’ x 
Figure S.17 
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Solution 2.6 


Since f sends (1,0) to (2,5) and (0,1) to (3,1), it 
must be represented by the matrix 


(5 i): 


This has determinant 2 x 1 —3 x 5 =—13, so f 
scales areas by a factor of 13. The triangle T is the 
image under f of the right-angled triangle with 
vertices at (0,0), (1,0), (0,1). Since the latter 
right-angled triangle is half of the unit square, it has 


area 4. It follows that T has area 13 x 5 = 65. 


2 
Solution 2.7 
(a) The matrix that represents the rotation rg is 
cos? —sind 
Bee es aa 


This has determinant 
det(Ry) = cos @cos@ — (—sin@)sin@ 
= cos? + sin? @ 
=1. 
This answer is to be expected since the rotation 
preserves both areas and orientation. 


(b) The matrix that represents the reflection qq ts 


cos(20) —sin(20) 
Qs Can " 


~ cos(20) 
‘This has determinant 
det(Qo) = cos(20)(—cos(20)) — sin(26) sin(20) 
os? (20) — sin* (20) 
= —(cos?(20) + sin?(20)) 
=-1. 


Again, this answer is to be expected since the 


reflection preserves areas but reve 
orientation, 
Solution 2.8 


(a) The position vectors of f(1,0) and f(0, 1) are 


_& 3) (0)=(s)=96) 
—63)()-@): 


So the images (1,0) and f(0,1) lie on the line 
y = $x or, equivalently, 3 — 2y = 0. 
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(b) The image of (xr,y) therefore has position vector 
6 Pees of 3 2 
(5) +»(3) = (3) +») 
Z 
= (3x+y) 6) . 
(c) It follows from part (b) that each point on the 
line 3a +y =k maps to the point with position 
vector k (5) on the line y= $2. In other 


words, the plane is flattened onto the line 


3a —2y=0. 
Wak i 
4,6 
{koo) (4,6) 
3e+y=0 
7 (2,3) 
_ 
/ 
/ a 
Vé 
/ 3 = 2y=0 
Figure 8.18 


(d) det A=6x3-2x9=0. 


Solution 2.9 


(a) This matrix has the form 


cos(20) —_sin(20) 
sin(20) —cos(20) 


with 20 
line y= 


4z, so f is the reflection qp/4 in the 
. (Of course, you might have 


recognised ( “i as the matrix of the 
reflection g,/4, by interpreting its columns as 
giving the images of (1,0) and (0,1).) 
In this ease 

det A=0x0—-1x1=-1, 
so, as expected, areas are scaled by the factor 1 


(that is, figures remain the same size), and 
orientation is reversed. 


SOLUTIONS TO ACTIVITIES 


(b) The first column of this matrix is 2 of the Solution 3.1 
second column, so this matrix represents a 


flattening. Indeed, the image of an arbitrary (a) From the general form of a rotation matrix, we 


point (.c,y) has position vector have: 
‘ : Slee Gaiee ~sin(7/3) 
ee (7) wet (3) = (22 +3y) ia) 13 = \ sin(a/3)  cos(n/3) 
3 
so f is a flattening onto the line y — 2x = 0. = ) ; 
Areas are scaled by the factor 
|det Al = |2 6-3 x 4) =0, R =( —sin(1/6) 
confirming that f is a flattening, me cos(7r/6) 
(c) This matrix represents a scaling with factors 5 ei 
and 2. That is, the plane is scaled by the a 
factor 5 parallel to the a-axis, and by the 
factor 2 parallel to the y-axis. on cos(7/2) —sin(m/2) 
We have 7/2 \ sin(n/2) —_ cos(1/2) 
det A =5 x 2-0x0=10 =) ar 


(the product of the diagonal elements of A). It 
follows that areas are scaled by the factor 10 and 
orientation is preserved. 


1/3 peat 
2 RyjoRe/s = |? ;) 
Solution 2.10 aie (i iv3 


(a) Suppose (r,s) and (u,v) are points such that 


(r,s) = F(w.v). Then 


(32) ()-( a)(°): 


that is, 
( 28 ) ( Qv ) (c) For these linear transformations, composition 


i 


145 


dead 3u+4v corresponds to matrix multiplication. 


Equating components, we obtain 2s = 2v and Solution 3.2 
8r + 4s = 8u + dv, from which we conclude that 
=v, and hence r=, It follows that 

(r,8) = (u,v). Hence f is one-one, 


(a) (i) The composite go f is the linear 
transformation represented by the matrix 


(b) Let (u,v) be an arbitrary point in the codomain Bie (a bs 4 c ij eh 
R?, For (u,v) to be the image of a point (, y) in Puy\o l 12 
the domain, we require f(a, y) = (u,v); that is, (ii) The composite f og is the linear 
(: F ) (:) (:) transformation represented by the matrix 
Sieg : a & is =i one 
or, equivalently, 
ay : (b) Figure 3.3 shows the effect of first doing f. the 
ee id “) = a x-shear, then doing g. That is, it illustrates the 


transformation go f. 
ply: for (w,y), we obtain y= 5u and hence 
(vu — dy) = }(v —2u). So one point that 
maps to (u,v) is (x,y) = (4(v —2u), du). Since 
(u, 0) is an arbitrary point in the codomain R?, 
we conclude that f(R?) =R?. Hence f is onto. 
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Solution 3.3 
(a) The composite rp © qy is represented by the 
matrix 
_ (cos#? —sin@) ( cos(2o) sin(2) 
Ra ea | bees —cos(2¢) 


_ ( cos0cos(26) — sin Osin(20) 
ad ( sin 0. cos(2@) + cos @sin(2¢) 
cos #sin(2) + sin 0.cos(2@) 
sin @sin(2@) — cos @cos(2@) ) 
_ ( cos(0 + 20) sin(@ + 20) 
a ( sin( +26) —cos(@+2@) ]* 
This matrix represents reflection in a line ¢ through 
the origin. 


(b) If é makes an angle « with the positive a-axis, 
then 0+ 26 = 2a, soa = 50+. 
Solution 3.4 


Let f and g be represented by the matrices A and B 
respectively. Then go f is represented by the matrix 
BA, and 


det(BA) = det Bdet A. 

(a) Ifq isa flattening, then det B = 0 and 
det(BA) = 0 * det A = 0. 

So go f is a flattening. 

Conversely, if go f is a fattening, then 
det Bdet A = det(BA) = 0; 


so either det B = 0 or det A = 0 (or both). That 
is, either g is a flattening or f is a flattening (or 
both). 


Solution 3.5 
(a) We have 


hence 


as required, 
‘Thus the scaling f can be written as 


f= 9° (dn/2° 4), 
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where g is the scaling represented by the matrix 
3.0 

0 9) 

reflection in the a-axis. 


+ dx/2 is reflection in the y-axis and qo is 


(b) From equation (3.1), dq/2.°qo =1x. Thus the 


sealing f can be written as 
f=gors 


The geometric effect of f is shown below. 


sg 
| 


Tr. ¢ 


Figure S.19 


Solution 3.6 
Here 


det A =5x6-8x4=—240, 


so A has inverse 


RY 


Solution 3.7 


(a) In this case, 
det A=3x5-2x9=-3, 


Since this determinant is non-zero, A is 
invertible. It follows that f is one-one and onto. 
Moreover, the inverse f~! is the linear 
transformation represented by the matrix 


S| 5 -2\_/-& 2 
~detA\-9 3/7 \ 3 -1)° 


(b) The image, f(S), of the unit square has vertices 
at the points with position vectors 


( s)(0)=(0): 
(3 5)(0)=(): 


(3 3)(@)-G): 


That is, f(S) is the parallelogram with vertices 
(0,0), (3,9), (5,14), (2,5). 


Under f>!, the image f(S) maps back to the 
figure with vertices at the points given by 


(3 4)(0)-(): 
1) (¢)= (525) =(0): 


(4 4)()-GEN)-(), 


3 Bi 2) ip ech [0 
3 =1 5 6-5 Liye 
These vertices specify S. 

(ec) Under /, areas are scaled by the modulus of 
det A = —3. Under f~', areas are sealed by the 
modulus of 

det(A7!) = (—$) x (-1) — (3) x 3=-1. 


Thus f scales areas by the factor 3, and f~! 
scales areas by the factor 4. Bach factor is the 
reciprocal of the other. 


SOLUTIONS TO ACTIVITIES 


Solution 3.8 


First observe that det A =2x3-1x1=5,s0 f 
has an inverse transformation f~! represented by the 
matrix 


1 3-1 
ayant es 
oer), 
If P is an arbitrary point (2,4) on the image f(#), 


then P must be the image under f of the point 
f-1(P) on @ with position vector 


ast® = ; z\_/{ %¢-q 
y -1 2) \y —ha+ 
re BOT 
Since these components are the coordinates of a 
point on follows that. 


P+ (—g0+ By)? =1, 
or, equivalently, 


9a? — Gay + y? +2? = dary + dy?) = 1. 


4 (102? — 102y + 5y*) = 1, 
or, equivalently, 
2a? — Qny + y? = 5. 
This is therefore the equation of f(@). 


The area enclosed by @ is mand f scales areas by the 
factor |det A = 5, so the area enclosed by f(#) is Sz. 


Solution 3.9 


(a) The ellips + ty" = 1 is centred at the 
origin and its vertices are the points (3,0), 
(—3,0), (0,2) and (0,—2). It follows that the 
unit circle can be mapped onto the ellipse by a 
scaling by the factor 3 parallel to the x-axis and 
by the factor 2 parallel to the y-axis. This 
scaling is the linear transformation f 
represented by the matrix 


3 0). 
A=(5 2): 


it seales areas by the factor | det A| = 6. 


Since the unit circle has area 7, it follows that 
the ellipse has area 67, 


(b) In this case, the unit circle is mapped onto the 
ellipse by applying the linear transformation 
represented by 


a 0 
A=(s ae 


This transformation scales areas by the factor 
{det A =ab, so the area of the ellipse is rab. 
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CHAPTER B2 MATRIX TRANSFORMATIONS 


Solution 4.1 


Here A has position vector ( 


and AC is 
8-5) _ (3 
6=3)) Nay) 
So the required transformation is 
23 5 
dN) ( 3) s+ (a): 
Solution 4.2 


(a) The required affine transformation f has the 
rule x + Ax +a, where 


_(-1-4 3-4)_/-5 -1 
a=( 5+3 | 8 a) 
and 


( 3) 
a=|_,]- 
It follows that the affine transformation scales 


areas by the factor 


{det A] =|—5 x 10—(—1) x 8] =42. 


(b) 


The triangle with vertices at (0,0), (1,0), (0,1) 
has area 4, so the area of T’ must be 
42x 5 


Solution 4.3 


The rotation is given by the composite 
transformation ty,1 © (g/g © t3,1), where tp/3 is 


represented by the matrix 
_i( 1 -v3 
2 v3 ¥ - 


(Taking the common factor 4 outside the matrix 
brackets makes the ensuing manipulations less 
clumsy.) 


Under this composite transformation, an arbitrary 
point x is mapped to. 

3 

1 
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So this rotation about the point (3,1) can be 
expressed as the affine transformation f;R? — R* 


defined by 


ron i(4 “=r4 (258): 


(You should check that the centre of rotation, (3, 1), 
remains fixed under f.) 


Solution 4.4 


(a) Since the line y= a makes an angle 7/4 with the 


positive a-axis, it follows that reflection in this 
line is ¢,/4; so the required matrix is 
Qe = (2) sin(n/2))_ (0 1 

n/4 = \ sin(r/2) —cos(r/2)/~ \1 0/° 
(Alternatively, notice that the images of (1,0) 
and (0,1) under the reflection are (0,1) and. 
(1,0), respectively. The position vectors of these 
images form the columns of the matrix.) 


The idea is to shift the plane 4 units down so 
that the line of reflection passes through the 
origin, After performing the reflection in the 
shifted line, the plane is then shifted back up 4 
units so that the line of reflection ends up where 
it started. The required reflection is therefore 
fo ° (deja © to,-4). Under this composite 
transformation, an arbitrary point x is mapped 


av (ee(.8))=() 

= (7 0) @-(2))+() 

C=C )0)-0) 

= (1 o)*-(o)+(4) 
Aas 


expressed as the affine transformation 
f:R? — R? defined by 


rar-(2 )s() 


(Note that a check on the working would be to 
show that an arbitrary point (a,2 +4) on the 
line of reflection remains fixed under f.) 


Solutions to Exercises 


Solution 1.1 


Figure 8.20 
We have 


y =OY =00+@Y =a+? 


But QX = QO +OX =-q+ 4p, so 
y=a+ §(-a+ Pp) =3P+ 39. 
Solution 1.2 


The reflection is represented by the matrix 
Quin = (0087/3) sin(n/3)) _ } 
lah sin(*/3) —cos(7/3) 


The image of the triangle therefore has vertices given 


by 


4)-(3) 


So the image is the triangle with vertices at (2,0), 


(0,2) and (0, —2). 


Solution 1.3 
(a) This matrix has the form 
cosé —sind 
aS ee a) 
where 


cosé=$ and sind = 


These equations are satisfied by 0 = 7/3. 
(b) This matrix has the form 


— (cos(20)—sin(20) 
oe (a ag 


where 


cos(20)=4 and — sin(20) = 


These equations are satisfied by 20 = 7/3, that 
is 0 = 7/6. (You used the matrix Qy/¢ in 
Exercise 1.2.) 


Solution 2.1 


(a) 


(b) 


(c) 


This matrix represents a scaling with factors 4 
and 2, That is, the plane is sealed by the 
factor 4 parallel to the a-axis, and by the 
factor 2 parallel to the y-axis. 


We have 
detA =4x2-0x0=8. 


Tt follows that, areas are scaled by the factor 8 
and orientation is preserved, 


This matrix has the form 
cos@ —sind 
sin@ cos @ 
with cos@= 0 and sin@ = —1, These equations 


are satisfied by the value @ = $7, for example. 
So f is the anticlockwise rotation rg, /2- 


We have 
det A =0 x 0-1 x (-1) =1. 


Tt follows that areas and orientation are 
preserved. 


‘The first column of this matrix is 4 of the 
second column, so this matrix represents a 
flattening. Indeed, the image of an arbitrary 
point (2,y) has position vector 


#($)+u(5) =Ge+30 (7). 


so f is a flattening onto the line # — 2y = 0. 
We have 
det A =8x 3-6x4=0. 


This is consistent with the fact that a flattening 
scales areas to 0. Orientation is destroyed. 
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CHAPTER B2 MATRIX TRANSFORMATIONS 


Solution 2.2 


Since f sends (1,0) to (—1,4) and (0,1) to (2,3), it is 


represented by the matrix 


(13): 


This matrix has determinant —1 x 3-2 4=—11, 
so f scales areas by a factor of 11. The triangle T is 
the image of the right-angled triangle with vertices at 
(0.0), (1,0), (0.1). Since this right-angled triangle 
has area 4, it follows that T has area 55. 


Solution 2.3 
(a) 


(0: 

@ (a _ “watcri) =( 
(: 
(G- 


(c) 


0 : 


(a) 4 


Solution 3.1 


(a) The composite go f is the linear transformation 
represented by the matrix 


2 shauna 13° 10 
st G ite o-G me 


(b) The composite fog is the linear transformation 
represented by the matrix 


ap~ (3 4) (3 3)=(a5 a): 


(a) In this case 


detA =1x4-2x3=-2. 


minant is non-zero, it follows 
ble. Moreover, 


Since this deter 
that A is inver 


(b) Here 
detA =0x4—-0x3=0, 


Since this determinant is zero, it follows that A 
is not invertible. 
(c) In this case 
det A = 2 x 4 —(-1) x (-8) =0. 


Since this determinant is zero, it follows that A 


is not invertible. 
(d) Here 
det A=2x4-3x3=-1. 
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Since this determinant is non-zero, it follows 
that A is invertible. Moreover, 


($9) 4) 
Solution 3.3 


(a) The matrix that represents f is 


a=(5 <4): 


The matrix that represents g is 


B=(5 ay 


(b) First observe that 
det A = 2 x (—4) —(—3) x 3=1, 
so f has an inverse transformation f~', The 


required linear transformation is therefore f =e 
which is represented by the matrix 


1_1(-4 3 -4 3 
ante ea) 
(c) We know that f~! sends (2,3) and (—3,—4) to 
(1,0) and (0,1), respectively. We also know that 
g sends (1,0) and (0,1) to (1,2) and (1,1), 
respectively. ‘The required linear transformation 
is therefore the composite go f~'. This is 
represented by the matrix 


satay “icin 
= (41 a) 


As a check, notice that 
=1 a\ 2) St 
aS: sy} \a 
-1 1\/-3\_/-1 
-l1 8 —4)— 1 Ue 


as required. 
Solution 3.4 


First observe that det A = 2x 4—3x2=2, so f 
has an inverse transformation f~! represented by the 
matrix 


Uf @ 8a f 2) =§3 
eee =i eek yilictl er aling 


If P is an arbitrary point (ir, y) on the image {(#@), 
then P must be the image under f of the point 
f-'(P) on @ with position vector 


Pat) ewer. 


Since these components are the coordinates of a 
point on @, it follows that 


and 


(2x — Sy)? +(—@ + y)? =1, 


or, equivalently, 
y 


4dec® — Gry + By? +4? —2ay + y 
That is 

5a? — Bay + By? =1, 
or, equivalently, 


20x? —¢ 


y + 13y? =4. 
This is therefore the equation of f(#). 


The area enclosed by @ is 7 and f scales areas by the 
factor | det A| = 2, so the area of f(#) is 2m. 


Solution 4.1 


(a) The required affine transformation f has the 
rule x —> Ax +a, where 


10-4 8-4 6 4 
a=(, "oy te pen he $) 
and 


a= 4 
=(_)- 
(b) It follows that the affine transformation scales 


areas by the factor 
|det A] = |6x 9-4 7| 


2 


6, 

Since the triangle with vertices at (0,0), (1,0), 
(0,1) has area 4. the area of T must be 

26x 4=13. 


SOLUTIONS TO EXERCISES 


Solution 4.2 


The rotation is given by the composite 
transformation t4,6 0 (1'q/4 0 t4,-9) Now 


4s gv2 -}v2 1 i ay 
4= == 5 
WN AYR Aya) Va\1 1 
Thus. under this composite transformation, an 
arbitrary point x is mapped to 


sua(x+ (=5))+(3) 


(s(t 1) (8) +(8) 
( 73)*-3 (G0) *(8) 
= se(t tee (2204). 


So this rotation about the point (4,6) can be 
expressed as the affine transformation f;R? — R? 
defined by 


rasa (1 “Is 08) 
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